Trace formulas for a class of compact complex surfaces 
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1. Introduction 

In his epoch-making paper [Se], Selberg developed a trace formula for discrete sub- 
groups of 5'L(2,R) and proved the analogue of the Riemann hypothesis on compact 
Riemann surfaces of genus g > 2. There are at least two ways to generalize the Selberg 
trace formula. The first way involves passing from the upper half plane EI to SL{2, M) 
or its universal covering space. Dufio and Labesse [DL] studied the trace formula on 
GL{2). Later on, Arthur [Ar] developed the trace formula for semisimple Lie groups 
of rank one. On the other hand, GangoUi and Warner [Ga], [GW] gave the zeta func- 
tions of Selberg's type for symmetric spaces of rank one. The other approach concerns 
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with the index theorem (see Millson [M] , Singer [S] , Barbasch and Moscovici [BM] and 
Stern [St]). For example, Millson [M] gave the functional equation of the zeta function 
on a compact oriented An — 1 dimensional Riemannian manifold of constant negative 
curvature and found a connection between the zeta function and the r^-invariant intro- 
duced by Atiyah, Patodi and Singer [APS]. The second way is based on some interesting 
results of Maass and Roelcke. Maass [Ma] studied some very basic partial differential 
operators connected with nonholomorphic automorphic forms on T\M.. Roelcke [Ro] 
gave the spectral theory of these operators (see also the work of Elstrodt [El]). Hejhal 
[H] obtained the trace formula for the automorphic forms of weight m associated to 
these operators. Recently, D'Hoker and Phong [DP], Sarnak [Sa], Voros [V], Cartier 
and Voros [CV] and Kurokawa [Kr] calculated the regularized determinants of these op- 
erators, which are crucial in the string theory, and also come up in Ray-Singer's analytic 
torsion [RS]. 

In the present paper, motivated by the second way as above (see the book of Hejhal 
[H] for more details) and the work of Singer [S] and Millson [M], we give the trace 
formulas of weight k for cocompact, torsion-free discrete subgroups of SU{2, 1) and 
prove the analogue of the Riemann hypothesis on compact complex surfaces M with 
c?(M) = 3c2(M), where Ci{M) is the z-th Chern class of M, C2(M) is a multiple of 3 
and C2(M) > 0. 

1.1. Notation and terminology 

Let SU{2,1) = {g e 5L(3,C) : g*Jg = J} where = ^ ^ j . The 

corresponding complex domain ©2 = {(-^i, -^2) £ : -|- ^T — Z2Z2 > 0} is the simplest 
example of a bounded symmetric domain which is not a tube domain. Let us introduce 
the following differential operator 



(1.1) 



X 



d'^ , , d d 



dzidzi dz2dz2 dzidz2 dzidz2 dzi dzi 

where 2k is an integer (see [Y] for more details). In particular, A = Aq is the Laplace- 
Beltrami operator of SU{2, 1) on 62- 

Let r C SU{2, 1) be a discrete subgroup. Assume that F is properly discontinuous, 
F\S2 is compact, and F acts freely on &2- Set M = F\(52, then M is a compact complex 
algebraic surface. Such F is a uniform, torsion-free discrete subgroup of SU (2, 1). Hence, 
every 7 e F which is not the identity is hyperbolic. The Jordan canonical form of 
hyperbolic elements takes the form: 7 = ^{ji^d) = diag(//e*^, e~^*^, //"-"^e*^), where 
// > 1 and ^ e [0,27r). 

An automorphic form of weight 2k on ©2 is given by 

(1-2) /(7(Z)) = J(7,Z)2V(^), 
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where 

(1.3) J(^,Z)=4^^ with ji^,Z) = CiZ^ + C2Z2 + Cs 

* * * \ 
for 7 = I * * * I e r. 

Cl C2 C3 / 

A holomorphic function g{Z) is called a modular form of weight k if it satisfies that 

(1.4) ^(7(Z))=j(7,Z)^^(Z), for 7 e T. 

In fact, if g{Z) is a modular form of weight 2k, then f{Z) — p{Z)''g{Z) with p{Z) = 
zi +'zi — Z2Z2 is an automorphic form of weight 2k. Moreover, 

(1.5) Akf{Z)^k{k-2)f{Z). 

Conversely, if f{Z) is an automorphic form of weight 2k, then g{Z) = p{Z)~^f{Z) 
satisfies that 

9{l{Z))=j{l,ZmZ). 
Let be the fundamental region (i.e. the fundamental domain) of F. Set 

(1.6) L\T\e2, k)^{fe L\T) : /(7(Z)) = J(7, Zf'^f^Z) for 7 G T}. 

We study the spectral theory of L^(r\(32, k), and prove the completeness of eigenfunc- 
tion expansions (see Theorem 2.11, Proposition 2.12, Proposition 2.13 and Theorem 
2.14). 

Let $ e C2(M) and consider the function ^{u{Z, Z')), where u{Z, Z') = ^plz)p{Z') ~ ^ 
with p{Z, Z')^zl+z[- ziz'^, p{Z) = p{Z, Z) for Z = [zi, Z2) G 62, Z' = (4, 4) G 
©2- In fact, u{Z,Z') is a point-pair invariant, i.e., u{g{Z), g{Z')) ~ u{Z,Z') for every 

g e -5C/(2,1) (see [Y] for more details.) Set Hk{Z,Z') = ^[ff^- Let Kk{Z,Z') = 
Hk{Z, Z')^{u{Z, Z')). The integral operator of weight k is given by 

(1.7) Lkf{Z)= [ Kk{Z,Z')f{Z')dm{Z'). 
We have (see Theorem 2.5) 

(1-8) Lfc/(Z) = Afc(A)/(Z), 

where / is an eigenfunction of on &2'- A^f = Xf and Afc(A) depends only on A, k 
and $. A representative set of eigenfunctions is given by A^p* = Ap^ with A = s{s — 2). 
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Let s = 1 + ir, we will use the r instead of the A as parameter. Set hk{r) — Afc(— 1 — r^). 
When k = 0, the connection between $(tt) and h{r) := ho{r) is given by the relations. 
(1-9) 

P(v) = r ^{u) arccos ( l^^i±^^ du, ^{u) = - T ^ d{sf^P'{v)). 

P{v)=g{ri) with v = ^(e'' + e"^ - 2). 

/OO -1 /"OO 

g{r])e''''^dri, g{r]) h{r)e-''''^ dr. 

-OO J — OO 

When A; = 1, the connection between and /ii(r) is given by 
(1.10) 

^i(^)-^7i(r7), with v^h^e^ + e-^ -2), 

/OO -1 ;>oo 

gi{v)e''^drj, g,{r,) = — h^{r)e-''^dr. 
- OO J — OO 

When A; = |, the connection between $(tt) and is given by 

J,; V 'f^ + 1 TT 



\Jv — U 



(1-11) go(^)=^i(^), with ^=1(6" + 6-" -2), 

2 4 



OO 



/1 1 (r) = 27r / ^71 (17)6-^^77, (^) = A / (r)e— ''dr. 
J —00 J —00 

The zeta function of weight A; associated with the group < 71 > x < 72 > generated 
by 7i and 72, where < 71 > is an infinite cyclic group, < 72 > is a finite cyclic group, 
is given by 

'^<7i>x<72>(^) ^) 



(1.12) 

j=0 /=0 n=0 



n n n - w(7.)-"+'+^'i """"" "'«^'«<'-""""'-» 



for Re(s) > 2 and 2k e Z. For F a uniform, torsion-free discrete subgroup of SU{2, 1), 
we define 

(1.13) Zkis) = Zr{k,s) = Yl ^<7i>x<j2>ik,s) 

{(71,72)} 
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where the pair {(71,72)} runs through a set of representatives of primitive conjugacy 
classes of F (see Proposition 2.1 for the details). 

1.2. The main results 

Note that C2(M) is equal to the Euler number e(M) = X;Lo(-l)' diniif^(M, M) 
since M is compact. Here M is considered as a Riemannian manifold of dimension four. 
Now, we can state the main theorem in the present paper. 

Theorem 1.1 (Main Theorem 1). Assume that hk{r) is an analytic function on 
\Im{r)\ < 1 + 5, hk{-r) = hk{r) and \hk{r)\ < M[l + \Re{r)\]-^-^ , where S and M are 
positive constants. Moreover, suppose that 

9k{v)^-^ [ hk{r)e-'^^dr, e M. 



Then the trace formulas of weight k for SU{2, 1) take the following form: 

^ / ^ ^ v-^ , / ^ 2 , , f°° , / s / o , os cosh 27rr + cos 2kiT , 
Tr{Lk) =J2hk{rn) = -C2(M) J hk{r)r{r^ + k^) 

„ ord(72) 00 ^ ATr \ 

(1 U) +9^ 3 ^ ^ lnAr(7i) 

g2feig6l(72) 

^ |iV(70-ei-^(^^)-iV(70--e-i-^(^^)|^^^^"^"'^^^^^^' 

where C2(M) > 3, /c = 0, |, 1 and ho = h, go = g. 

Using the concept of Poincare map, the trace formulas can be expressed as (see 
Theorem 3.2): 

_ ,^ , 2 ,,,, f°° , , , , 9 , 9, cosh27rr + cos2/c7r , 

(1.15) ord(72) 00 , -.J, X 

It is well-known that the c-function of Harish-Chandra (see [Ga]) 

. ^ r(i(p + g))r(zr + f)r(H: + g + |) 
''^'■^ np + q) T{ir) r(f + f) 

In the case of SU (2, 1), p = 2, g = 1, one has 

3 

(1.16) c(2r)-ic(-2r)-i 



4 tanhTrr 
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Up to a constant, it coincides with the value of r(r^ + A;^) ^^^^^^^^^^^f^ at A; = 0. By 
Theorem 1.1, we can derive the functional equations of the zeta functions Zk{s). In 
fact, we conjecture that the above trace formulas are valid for all k with 2k G Z. In the 
case of = 0, = ^ and A; = 1, we can write down the trace formulas explicitly. For 
every k with 2k G Z, there is an analytic continuation and a functional equation for the 
zeta function Z}({s). In particular, we can write down them explicitly for Zo{s), Zi{s) 

and Zi{s) according to the weight k = 0, k = ^ or k = 1, respectively. 

Theorem 1.2 (Main Theorem 2). The functional equations of the zeta functions 
of weight k are given by 



(1.17) 



Zfe (s) = Zfe (2 - s) exp 



Zfe(s) = Zk{2- s)exp 



s-l 



-7rc2(M) / v{v —k )cot7rvdv 
3 Jo 



-7rc2(M) 



s-l 



v{k'^ — v'^) tamrvdv 



, A; = 0,1; 



' ^~ 2' 



where M = r\&2 is a compact complex algebraic surface with c^(M) = 3c2(M). 

The zeros of zeta functions Zfe(s) {k — 0, |, 1) have the following properties. In 
particular, the last property tells us that the analogue of the Riemann hypothesis is 
true. 

Theorem 1.3 (Main Theorem 3). Let 



oo oo oo 

^^(^)= n nnn[^ 



{(71,72)} J=0 1=0 n=0 



'■d(72) 



ord(T2) 



exp([2A;+3(Z-n)]iqe(72)) 



where Re{s) > 2 and A; = 0, |, 1. Then 

(1) Zk{s) are actually entire functions. 

(2) Zk{s) {k = 0, 1) have trivial zeros s = —m, m > 0, with multiplicity |c2(M)(m+ 

m > 0, with multiplicity 



1 



has trivial zeros s 



—m + 



Zki-s) (k 
11 -t 

(3) The nontrivial zeros of Zk{s) are located at 1 ± ir^ 



|c2(M)m(m + l)(2m + 1). 



2' 



It is interesting that we can deduce that C2 (M) is a multiple of 3 by (2) of Theorem 
1.3. Thus C2(M) > 3, which is the first main theorem in [HP]. 

This paper consists of three chapters. In chapter two, we study the spectral theory 
of L^(r\©2, A;), and prove the completeness of eigenfunction expansions. We give the 
integral transformations and their inverse which are related to the group SU{2, 1) and 
the symmetric space ©2- These transformations play an important role in the trace 
formulas. In chapter three, we obtain the trace formulas of weight k on SU (2, 1) for 
cocompact, torsion-free discrete subgroups. In the rest of this chapter, we give the defi- 
nition of the zeta functions of weight A; and their expansions. Using the trace formulas. 
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we get the functional equations of the zeta functions of weight k. At last, we prove the 
analogue of the Riemann hypothesis for a class of compact complex surfaces. 

2. The spectral theory of L^{T\e2,k) 

2.1. The construction of hyperbolic elements 

At first, let us recall some basic results about the discrete subgroups of Lie groups 
(see [R]). Let G be a connected Lie group and F a discrete subgroup such that G/F is 
compact. Then F is finitely presentable (see [R], p. 95, Theorem 6.15). In fact, let M be 
a compact connected manifold. Then the fundamental group tti (M, x) of M at a point 
a; e M is finitely presentable (see [R], p. 95, Theorem 6.16). Hence, the uniform torsion- 
free subgroup F C SU{2,1) is finitely presentable. If F C G is a uniform, torsion-free 
discrete subgroup then every 7 e F which is not the identity is hyperbolic. Now, let 
us recall the classifications of linear transformations in SU{2, 1) (see [G]). There are 
four classes: the identity element, the hyperbolic elements, the elliptic elements and the 
parabolic elements. In the ball model, the hyperbolic elements take the form: 



/ e*^ cosh u e*^ sinh u 


y e*^ sinh u e*^ cosh u 



Now, we give the expression of hyperbolic elements in the unbounded realization ©2- 
By the Cayley transformation C : = {{wi,W2) £ : It^ip + |ty2p < 1} ^ 

—UJ —CO 

&2 = {{zi, Z2) e : zi + - Z2Z^ > 0}, where C ^ [ 1 \,C{wi,W2) 



-1 1 



1 OJ 



/ -^^^ ^ (g-i = 1 \ c-^zi,Z2)=(^,^^],wehaye 

\1 -ujj 

/e"e^^ (a;-a;)sinhw-e^^\ 
g = CTC-^ = e-2»^ G SU{2, 1), 

\ e-"e*^ J 

where SU{2, 1) = {g e SL{3, C) : g*Jg = J} with = ^ ^ j . The charac- 
teristic polynomial of g is det(A/ — 5*) = (A — e"e*^)(A — e~^*^)(A — e~"e*^). Hence, the 
Jordan canonical form of g takes the form 7 = diag(e^e*^, e~^*^, e~"e*^) G SU{2, 1). Let 

h=\ p I where a, e C, |/?| = 1 and apoT^ = 1. Then h e SU{2, 1) 

a-' 
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and h~^gh — 7, i.e., g is conjugate in SU{2, 1) to 7. Without loss of generality, we can 
assume that u > 0. Set fi = e", then fj, > 1 and 7 — diag(/ie*^, e~^*^, fj,~^e^^). 

Proposition 2.1. Suppose that^ = diagdie'^ , e"^*'', //~^e*^) e T zs hyperbolic. Then 
the centralizer ^(7) is a direct product of two cyclic subgroups ofV, Z{'y) =< 71 > x < 
72 >, where 71 = diag{rQ, 1, rj^"*^) (ro > 1) is hyperbolic and 72 = diag{e'^'^° e"^*'^^, e*'''°) 
mt/i order orc2( 72) and (/pq = ord(72) • Moreover, 7 = 7i"72 m > 1 and 1 < n < 
or(i(72). r/ie ^■w;o generators 71, 72 are uniquely determined by 7. 

Proo/. If fir G ^■(7), then g has the form ^ = diag(re*'^, e"^**^, r^-^e**^) with r > 0. 
Note that F is discontinuous, so ^(7) =< 71 > x < 72 >, i.e., (7 = 75^72 , m > 1 and 
1 < n < ord(72). The uniqueness of 71 and 72 is proved by the same argument since 
m > 1 and 1 < n < ord(72). 

□ 

-^(71) '■= 1^0 in Proposition 2.1 is the minimal norm of a hyperbolic element from 
Z{'j). Following Selberg [Se], we call 71 a primitive element for 7 in F. The pair (71, 72) 
in Proposition 2.1 is called a primitive pair for 7 in F. 

2.2. The basic integral operator of weight 
Put 

(2.1) Lf{Z)= [ k{Z,Z')f{Z')dm{Z'). 

Let /(^) be an eigenfunction of the Laplace-Beltrami operator A on ©2: A/(Z) = 
Xf{Z). According to [Se] (or see Theorem 2.5 in the special case k — 0), for an integral 
operator we may write 

(2.2) / k{Z, Z')f{Z')dm{Z') = A(A)/(Z), 

where A(A) depends only on A and k. A representative set of eigenfunctions is given 
by p{ZY since Ap(Z)^ = \p{ZY with \ = s{s - 2). Set s = 1 + zr with r G C, then 
s{s — 2) = — 1 — r^. Let h{r) = A(— 1 — r^). The connection between $(u) and h{r) is 
given by the following theorem. 

Theorem 2.2. Let $(tt) e Cl{R) be a positive function of real variable. Set 

(2.3) P{v) = J ^ (u) aiccos (^^—^^^^^ du. 

Moreover, define g{rj) by P{v) = g{r}) with v = ^{e^ + e~'^ — 2). Then one has the 
following integral transform 

/OO -1 /"OO 

g{v)e''^d7i, giv) = / h{r)e-''^^dr, 
-00 J —00 
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and 

(2.5) = - / ^=d{V^P\v)). 



Proof. Let us start with the formula: 

/ k{ZQ, Z)p{Zydm{Z) = A(A)p(Zo)^ A = s(s - 2). 
J&1 



'&2 

Let Zo = (|, 0) and Z = {zi,Z2) = (|(p + l-zp) + it, z), where p > 0, t e R and 2; e C. 
Thenp(Zo) = l, |p(Zo,Z)|2= 1 (1 + p + |^|2)2 + ^j^^g 

Jo i-00 Jc \ P ) 

Let z = Vre*^, r > 0, ^ e [0, 27r), then dzAdz= -idr A and 

4. $ ^i(i±P±l)!+^ _ 1) ,,,,^.-3,^ ^ ^(,). 

Set ^ = ill^ill! - 1, ^ = 7- Then ^ e [^,00), ry G [0, 00) and dr = ^d^, 
dt = ^^drj. We have 

Jo Jo JiE^ '^ve+Tv^ ^ ^ 



Put w — ^ + T], then 



00 /-OO pOO 



2n I I I ^w)-£L=^^p'-^dp^A{X). 




Ap 



Here 



j-OO poo 
4p ^ 



dw d^ 



rOO rW 

= / ^(w)dw I 



^2 

\2 



/ arccos ^^^^ ^ \ dw = P (^^ ' 



Ap 
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We conclude that 



A[s{s - 2)] = 27r J\'-^P 



4p 



dp. 



Set s = l + ir and g{r]) = P(|(e'' + e"^ - 2)), then A(A) = A(-l - r^) = /i(r). On the 
other hand, let p = , then 

27T p'-^P (^^^^^p^^ dp = 27r e(*-2)''pQ(e^ + e-^-2)^ e^dr/ 

/oo /-oo 
-oo J —oo 

Consequently, /i(r) = 27r/~^ e'-^g{r^)dr^. So, ^(r/) = /!°^ h{r)e-'-^dr. By 

= / ^(u) arccos du, 



we have 



Vv + l Jv \/u-v 



Set Q(v) = -V^7TTP'(v), then = ■^=du. By [Ku], p.56. Theorem 5.3.1 or 
[H], p. 15, Proposition 4.1, we have = /~ Thus, 



1 /•°° 1 , 

= - / -^=d{V^P'iv)). 

Ju \/v -U 



□ 

Theorem 2.3. Lei Z') 6e a point pair invariant as in Theorem 2.2, and put 

1 a 

n(a, 6) = I 1 a | , a e C, 6 e M. 



T/ien 



(2.6) / / k{Z, n{a, h)Z')dadadh = 27Tpp'g{\ogp' - logp), 

where p = p{Z) and p' = p{Z') and g is as in Theorem 2.2. 
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Proof. Let 



1 a ^ + z6 



n = n{a,h)=\ 1 a |, a e C, 6 e R, 
then 

|a|2 

n(a, h){Z') — {z'l + az'2 -\ — - — h ib, z'2 + a). 

So 

p(-Z', n(a, = p(Z, Z') + 02:2 — 02:2 H — z — h ih. 
Set Z = + zt, ^) and Z' = (^-^^ + z'), then 

p(Z, Z') = i(p + p' + 1^ - z'\^) + i{t' - t + ImzF). 
Put a = tt + zv, tt, V e ]R, 2; = a; + zy and 2;' = + zy', then da /\(ta = —2idu A and 
p(Z, n{a, h)Z') =l[p + p' + {u + x' -xf + {v + y- y'f] 



Hence, 



-^i[v{x + x') + tt(2/ + 2/') + - t + Im2;2;' + 6]. 



ri(a, h)Z')dadadh 



/" /■ /|4(p + p' +^;2) +^^,12 

./r ,/c V PP 




^0 V PP' 
=27r / / $ ^^^^ — ^ - 1 drcZfe 




V PP' 

1^2 _L A2 



-An / $ i ^ 1 drd6. 

io ip+p' V PP ) 



1 2 2 
Let t = and m = -j—r, then 

PP 4pp' ' 
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We have 



/ / k{Z,n{a,h)Z')dadadh 
Jm Jc 

App' 

^ t r N dv dt 

4pp' 

Set p'/p = e'?, then = sinh^ f . Thus, 

/ / k{Z,n{a,b)Z')dadddb 

f°° f°° du dv 

=27rpp' / / ^u)^=^== 

Jsinh2 ^Jv ^yu-V ^/v + 1 



dv 



poo pu 

2ttpp' I ^{u)du / 

isinh2 § 7sinh2 5 ^/{u-v){v + 1) 

, , , ( l-M + 2sinh2 2\ 

2'npp j arccos du 

Jsinh^S V 1 + w / 



=27rpp'P(sinh^ |) = 2TTpp'g{r}) = 2Trpp'g{\ogp' - logp). 



□ 



2.3. The basic integral operator of weight k 



Now, we give the integral transformation of weight k. Let JF be the fundamental 
region (i.e. the fundamental domain) of F. Since F is a cocompact discrete subgroup of 
SU{2, 1), T is compact. Set 



where p{Z, W) = 'zi -\- w\ — Z2W2- Let 



Definition 2.4. An automorphic form of weight 2k on &2 is given by 
(2.7) /(7(Z)) = J(7,Z)2V(^), 
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* * * 



where J(7, Z) = \f^]z]\ ^^^^ ^) = ci^i + C2Z2 + C3 for 7 = * * * ) e T. 

\Ci C2 C3 

Let 



L\T\&^, k) = {fe L\T) : /(7(^)) = J(7, ^)'V(^) for 7 e T}. 

Following the method in [H] (see [H], pp. 364-369, Proposition 2.14), we give the next 
theorem. 

Theorem 2.5. Let f e (7^(62) be any eigenfunction of A^: A^f = A/. Then the 
integral operator of weight k 

(2.8) Lfe/(Z) := / Kk{Z, W)f{W)dm{W) = Afc(A)/(Z), 

where A/, (A) depends only on ($,A;, A). T/ie ?;aZt<e o/A/j(A) zs independent of f. 
Proof. We define the operator by 

(2.9) iPju)iZ) = ix(7(^)) J(7, Z)-^\ 1 e -5^/(2, 1). 

It is known that (see [Y], Proposition 4.2) Aj-P^ = P-yAk- Let K be the maximal 
compact subgroup of SU{2, 1). Every 7 e K can be given by 

/a b 
7 = C c d I C-\ 
\0 

where e U{2), d e [0, 27r) and {ad - bc)e'^ = 1. Write explicitly, 

-oJa — uje^^ —uJb —a + e*^ 
7=1 c d LUC 

—a + e*^ —b —ua — aJe*^ 

We have 7(— o^, 0) = (—a;, 0). 

We now claim that without loss of generality Z — (— w, 0). Suppose, in fact, that 
Z = (—a;, 0) is OK. For general Z, we write Z = 7(— a;, 0) and check that (using [Y], 
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Proposition 4.7) 

/ Kk{Z,W)f{W)dm{W) 
= [ Kk{-f{-u;,0),W)f{W)dm{W) 

J&2 

= f J(7,(-a;,0))^^K,((-a;,0),OJ(7,e)-''/(7(e))c^m(e) 

J&2 

=J(7,(-c^,0))2'=A,(A)(P^/)(-c^,0) 
=Afc(A)/[7(-a;,0)] = A,(A)/(Z), 

since AkP^f = P^A^f = A(P^/). 

We may restrict ourselves to the case Z = (— a;, 0). We claim that without loss of 
generality 

Suppose, in fact, that the result is known to be true for such symmetric /. We then 
take the original eigenfunction / and form 

[ Kkii-uj,0),W)fiW)dmiW). 

J&2 



It is clear that 



Here, 



A= f Kk{i{-uj,0),W)f{W)dm{W) 
Je2 

J&2 

= f J(7,(-a;,0))2'=Kfc((-a;,0),OJ(7,O-''/(7(O)^rn(O. 



(-a + e-^)(-c^) + (-a;a-cJe^^) _ 
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Thus, 



where 



Note that 



^Tl" Jo J&2 

=«(72(7i(^)))^(72,7i(^))-''^(7i,^)-'' 
=^i(727i(^))^(727i,^)"'' 

= (^7271 '")(^)- 



Thus, 

Here, 

7(^)7M = C 
Therefore, 



7(v) 



1 r^'^ 



c-^ -C 



c-^ = c 



p-,i^0+^)f{i)e''''de 



It is easy to see that F e (7^(62) and F{-aj, 0) = /(-a;, 0). By A^P^ = PjA^, we see 
that AkF = XF. 

We can apply the symmetric case to deduce that 



J62 



LO, 0), OFiOdmiO = Afe(A)F(-^, 0) = Afc(A)/(-c^, 0). 
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We now restrict not only to Z = (— a;,0), but also to the symmetric case P-y^e)! = 
^-2kie We introduce a change of variables: 

W = C-\Z) = ( ^i±^. ^) ; Z = C(W) = (Z?!^. .J^) . 

\Zi — U> Zi — U> J \ —Wi + 1 —Wi + lJ 

where Z e ©2 and W G B^. By u{Z) — v{W), one defines the operator A^: A^u — A^v. 
The following equations describe the basic symmetry of weight k: 



v[C-'^{d)CiW)]Ji^{d),Z) 



a b 

Here C-^-f{e)C = { c d | . We have 

AO 



-2k _ 




-2k _ 




-2k _ 





e 



a b 

c d I {wi,W2) 



' =e ^^'■^viwx.w-^, 



same 



-2k 



Using the expressions z\ = ^^l^x ~ -wl+i ' ^® have 



v[e {awi + bw2),e [cwi + dw2))-r. — «7 rr — ^ = v{wi,W2) 



[1 — e *^(awi + 6^2)]^'^ ' — wi] 



2k ■ 



This implies that v{wi,W2){l — wi) ^{1 — wi)'' must be radially symmetric. We shall 
therefore write 

u{Z) = v{W) = ip{W){l - wi)''{l -wi)-'' = ip{W){l - wi)'^{l - m)^- 

Corresponding to this, we define A^u — A^v — Aj^iIj. The associated change of variables 
is very well-behaved analytically. 

In our previous paper [Y] , the Laplace-Beltrami operator on is given by 

Ab2 =(1 - Ituip - |ty2p) 



X 



52 q2 q2 q2 

(1 - \wi\'^)- -= + (1 - 1-^2^)^ ^= -WiW^- -= -WW2^=7 



dw\dwi dw2dw2 dw\dw2 dwidw2 
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We conclude that near the origin 

with real analytic coefficients and Ai.i(0, 0; 0, 0) 7^ 0, ^2,2(0, 0; 0, 0) ^ 0, where Ai^j = 
Aij{wi,W[-,W2,w^), Bj = Bj{wi,W[;w2,W2), Cj = Cj{wi,W,W2,w^), 1 < i,j < 2 and 
D = L>(wi,mJI;m;2,«'2)- 

Now, we must study the differential equation 

along the various rays arg(wi) = 9. Now, we introduce polar coordinates wi = 
re^^i cos(/p and W2 — re*^^ simp with e (0, ^). Then 



(2.10) 



Hence 



(2.11) 



- — =-e icos^— — — sm^— , 

owi 2 or 2r cos (p 061 2r dip 

d 1 a z e-*^2 5 ^ 

;^ — =-e 2sin(^- — : -wx-^—^ — cos(^ — . 

dw2 2 ar 2 r sm a6'2 2r a<^ 



A 2^rl/. 2^ 5^ 3-r2 a 1 9^ 1 ^9 

1 1 9^ 1 9^ 19 9 21 



If t/j is radially symmetric, we will get a ^i-family of homogeneous linear ordinary differ- 
ential equation with regular singular point r = 0. The indicial equation is z/(z/ + 2) = 
for each 9i. The general theory of differential equations tells us that '0 is unique up 
to a proportionality factor whenever is known to be smooth at the origin. In our 
case, we conclude that f{zi,Z2) — f{—u>,0)g{zi,Z2), where the eigenfunction g{zi, Z2) 
is symmetric and normalized by ^(— a;,0) = 1. Th function ^(2:1, 2:2) depends only on 
(k, A). Hence, we can define 

Afc(A)= / Kkii-uj,0),W)giW)dmiW). 
This completes the proof of Theorem 2.5. 

□ 
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Theorem 2.6. Let ^{u) g (M) be a positive function of real variable. Set 



(2.12) 



Moreover, define (71(77) by Pi{v) = gi{ri), with v — \{e'^ -\- e — 2). Then one has the 
following integral transform 

"OO 



1 



and 

Set 
(2.13) 



u + 1 



yjv — U 



d 



47r2 

Vw + 1 



hi{r)e-''^'^dr, 



Moreover, define g^{rf) by Qo{v) — g^{r]), with v — j{e'^ + e — 2). Then one has the 
following integral transform 



/OO -1 /-OO 

g. {v)e'^^dv, g^ iv) = j-^ h. {r)e-'^^dr, 
- 00 ^ J —00 



and 



$(w) = -Vu + l / 

71" Ju 



47r2 

dQ'oiv) 



u 



Proof. By Theorem 2.5, 



(2.14) / Kk{Z,W)p{Wydm{W)=Kk{X)p{Zy, \ = s{s-2). 

Set Zq = (i,0) and Z = (^1,^2) = (^(p+ kP) + it,z) with t e R, p > and ^ G C. 
Then 



Afe(A)- / Hk{d,0),{zi,Z2))^ 



&2 



+ Zi 



piZ) 



1 



p{Zydm{Z) 



[l(l + p+ l^p) + it] 

e, ||(l + p+|zP)+zt| 



2k 



2k 



i(l + p+|z|T + i^ 



/•OO nOO pOO 

= 7r / / / 

-/o J -00 Jo 



[(1 + p + r) 
1(1 + p + r) + 



2fc 



2fc 



- 1 



(l+p + r)2 + t2 



, dtdpdzdz 



Ap 



p* ^drdtdp 



00 /"OO /-OO 



= TT 



X $ 




E^to Oil + P + rri"'-'^t 



m-2k—m+2k—m 





(l + p + r)2 + t2 
4p 



[(l + p + r)2 + t2]fc 



p"* ^drdtdp. 
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The contribution from the odd powers of t is zero. When 2k is even, 

foo poo poo f2k\/^-f I ^1 „\2m- — 2m4.2k — 2m 



Afe(A) =7r(-l)* 



X $ 



J-coJO 

(1 + p + r)^ + 
4p 



[(l + p + r)2 + t2]fc 



^drdtdp. 



Set ^2 = |i and V = -^^^^f^^ - 1, then u e (-00,00), v e [-^^^,00). We have 



4p 



dt = 2y/pdu and = ^/ . Hence, 



00 /•OO ("OO 



A,(A) = 2.(-l)' I E P + ir-iu^i^-^ 

x(u'^ + V + l)~''$(tt^ + v)p^~^dvdudp 

poo poo poo ^ / 0U\ 

X (u^ + u + + v)p''~'^dvdudp. 

Let w = u^, then 

X (w + f + + v)p''~'^dvdwdp. 

Set M = + V, then 

/■OO /-cx) poo k / r)i,\ 



Set 



m=0 
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When 2k is odd, say that 2k = 2p + 1. Similarly, we have 



X 



{u + l)-P-^du / ^^{v + l)\u - v)P-^-Uv. 

4^ 



Set 

Pk{w) = Qpiw) 



/=0 

For 2k G Z, we conclude that 



Ak[s{s - 2)] = 27r^" p^-2p, (^^^^) dp. 
Set s = 1 + zr and ^^(r/) = P/- (|(e'' + e"*' — 2)) with p = . Consequently, 

/oo 
-00 



Then ^^(77) = ^ hk{r)e-'^^dr. 
In fact, when A; is a positive integer. 



Pk{w)= ^u){u+l)-''du ^(-1)"^ + 
Jw Jw ^^^^ 



We have 

A; 



m=0 Jw 



Thus, 
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A straightforward calculation gives 



-f 

J V 



ELoEto^£)er)(---)'"(^--) 



^{u-v){v+l) 



du 



X 



-.du 



^J{u-v){v + l) 
I, ™ 

2k \ I k — m 
2m) \ j 

' {u-vf-^ 



EE 

m=0 j=0 



{-u - 1)'^-^ ^(^u-v){v + l) 



du 



i-u - ^(u-v){v+l) 



du, 



where c,(fc) = ESo£)er)- 

Now, we need the following lemma (see [H], p. 396, Lemma 4.5): 

Lemma. Suppose that e{t) e C(R+) and that d{t) = 0{{t+l)-^) for some P > k+2- 
Then 

9^-''\t) 



I 

J X 



_ 1 \ /"OO 



{t-xf—^Q{t)dt = k\ 



k 



Vt 



-dt. 



X 



It is understood here that k is a non-negative integer, a; > and the antiderivative 
d^~''\t) is computed with base point +(X). 

Assume that = 0((t + by the above lemma, we have 





(i-fc) 







\/u-v 



du. 



Therefore, 



where 



1 

\/V+l Jy 



Wk{u) 

sju — V 



du, 



{k -j) 
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In particular, when k = 1, 



Pi{w) 



u — V 



u — V 
v + 1 



dv 



Thus, - 



^{u){u + l)~^du -(w + 1) - 2y/{u -v){v + 1) 
- 2 

= / V'('U - «;)(«; + 

Jy, w + 1 

iMV = £M 1 We have 

D + l / JV U+1 ^U—V 



\v=w 



1 



_ 1 

W + 1 Ju \fv'--U 



-.d 



When k = ^, i.e. p = 0, we have 



Qo{w) = 2 / 



u — w 



w + 1 



Hence, 



Thus, 



<5o(«') = - 



'w — u 



□ 

Now, let us recall some basic facts about the growth of volume of geodesic balls in a 
complex hyperbolic space (see [Go], pp. 104-105, 3.3.4). Since the Euclidean distance r 
from is related to the hyperbolic distance p by r = tanh (|), the volume of a ball of 
radius p is given by 



Vol(B(,))=^si^-(0 



^ 1 



2n 



where cr2 



n-l 



is the Euclidean volume of the unit sphere S'^"-~^ C C"^. Thus 
the volume of a geodesic ball has exponential growth rate n. In our case, n = 2 and 
Vol(5(p)) ~ 0(e^^). By the same method as in [H], p. 5, Proposition 2.2, we can prove 
that 

jj{7 e r : 7(.F) n B{Zo; p) 0} = 0(6^^), 
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where Zq ^ T and B{Zq\ p) denotes the geodesic baU about Zq with radius p. 
Definition 2.7. The automorphic kernel function is given by 

(2.15) Gk{Z, W)^Y. ^k{Z, 7 W)^(7, 

for (Z, e 62 X 62- 
Proposition 2.8. 

(1) GkiZ,W) reduces to a sum of uniformly bounded length. 

(2) Gk{Z, W) = GkiW.Z) on 62 x ©2- 

(3) Gu{ii{Z\-f2iW)) = J{^^,Z)^'^Gk{Z,W)J{^2,W)-^'' /or 71, 72 e T. 

Proof. (1) The function $ has compact support. Hence, Kk{Z,j{W)) — when 
S{Z, -f{W)) > A (say), where S{Z, W) = l[cr{Z, W) + 1] (see [Y], Proposition 3.4). The 
question reduces to finding an upper bound on the number of polygons 7(.F), 7 G F, 
which intersect {$, : 5(^, Z) < A}. This is trivial since is compact (see also the above 
argument about the growth of volume of geodesic balls). 

(2) 

Gk{W,Z) =J2Kk{W,j{Z))J{j,Z)^^ 

= J]Kfe(7(Z),W^)J(7,Z)-2^ 

= J2 <^(7, zf'K,{z, j-\w))j{j, i-\w)yj{j, zy^^ 
^Y.Ku{z,t\w))j{^,t\w))-^K 

7er 

By 1 = J(/, W) = J{^, 7-i(W^)) J(7-\ W), we have 

Gk{W,Z) = J2 Kk{Z, l-\W))J{^-\ Wf' = Gk{Z, W). 
7er 

(3) Note that 

Gk{Z,g{W))^^Kk{Z,^g{W))J{^,g{W)f'' 

■yer 

\2k 



A9, wy^ 

= J2 Kk{Z, h{W))J{h, Wf'^Jig, W)-''' 

her 

=J{g,W)-^'Gk{Z, W). 
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We have 



G'fe(7i(^),72W) =G'fc(72W,7i(^)) 



=^^(72^,^)^(71,^)-'" 

=J{^^,Zf^Gk{n2{W),Z) 
^J{-ii,Zf^Gk{Z,-i2iW)) 

= j(7i, zf^Guiz, w)j{^2, wy^K 

□ 

Proposition 2.9. Lk is a hounded, self-adjoint operator taking LF'{V\&2ik) into 
L^T\&2,k). 

Proof. For / e L'^(r\e2, k), we have 



Lkf{Z)^[ Kk{Z,W)f{W)dm{W) 

= V / Kk{Z,W)f{W)dm{W) 
7€rA(^) 

= J2j Kk{Z,^{W))f{^{W))dm{W) 



7Gr 



^ J^Kk{Z,^{W))J{^,Wf''f{W)dm{W) 



We have 



Hence, 



= J^Gk{Z, W)f{W)dm{W). 
\Lkf{Z)\^< J \Gk{Z,W)\^dm{W) ■ J \f{W)fdm{W). 



\Lkf{Z)fdm{Z) < j^j^ \Gk{Z, W)\''dm{W)dm{Z) ■ \f{W)\''dm{W). 
For 7 e r, 



Luf{i{Z))= Kk{i{Z),W)f{W)dm(W) 

J&2 

= f Kk{^{Z),^{0)filiO)dm{0 

= I Jh,Zf'Kk{Z,OJ{l.Cy-J{l.O"'fiOdm{0 

J&2 

=Jh,Zf'' f Kk{Z,0f{0dm{0. 



62 
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So, Lj.f{'^{Z)) — J{'^, Z)^^Lj.f{Z). Therefore, is a bounded linear operator from 
L^{T\e2,k) to L'^{T\e2,k). Moreover, 



Thus, Lk is a self-adjoint operator. 

□ 

Proposition 2.10. The integral operator Lk : L'^{T\e2,k) L'^{T\&2,k) is of 
Hilbert- Schmidt type and is compact. 

Proof. Recall that LkfiZ) = Jy,Gk{Z,W)f{W)dm{W). Since $ has compact sup- 
port. 



By [Yo], p. 277-278, Example 2, we have that is of the Hilbert-Schmidt type and is 



2.4. The spectral theory of L'^{T\&2,k) 

Motivated by the method as in [EIGM], pp. 145-147, Lemma 2.2, we get the following 
theorem: 

Theorem 2.11. Let ips^k{Z,Z') = Hk{Z, Z')(j)s^k{cr) with 



iLkf,g)= [ Lkf{Z)g{Z)dm{Z) 





compact. 



□ 



ct>s,k{<y) = fT-l'=l(l - a)\^\-'F{s -\kls-l-\k\-2s-l; 



1 



(7-1 



for s e C (see \Y], pp. 35-36), where 



a = a{Z, Z') 



\P{Z,Z')\^ 
p{Z)p{Z') ' 



Hk{Z, Z') 



\P{Z,Z')\ 
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In particular, when k = 0, 

ips,o{Z, Z') = (j)s{u) = u-'F{s, s - 1; 2s - 1; -u-^), 

where u = u{Z,Z') = a{Z,Z') — 1 (see [Y], p. 18). Assume that A = s{s — 2) and 
g e Cg(©2)- The up to a constant, 

(2.16) 4'K^g{Z')= [ ifs,kiZ',Z){-Ak + X)giZ)dm{Z). 
Moreover, 

(2.17) ATT^g{Z') = j^Gs,k{Z' ,Z){-Ak + X)g{Z)dm{Z) 

for all g e C2(r\62, k) := {/ e CiT) : f{^{Z)) = J(7, Zf^f{Z) for 7 G T}, w;/iere 



G,,fe(Z',Z) = 5^(^,,fe(Z',7(Z))J(7,Z)2^ 

Proof. Assume that Z' = (—a;, 0). We transform 62 isometrically onto such that 
Z' = (— a;,0) 0, Z W = {wi, W2). On B^, let us consider the following differential 
form (jj: oj = {1 — Itfip — |i(;2p)~^^5 with 



(2.18) 



=[(1 — \wi\'^){fwigdwi A dw2 A dw2 + fgw^dwi A dw2 A (ily2) 
— wiW2{fwigdwi A A (iw2 + fgwjdwi A (iw2 A ^102) 



+ (1 — \w2\ ){fw29dwi A (ilyT A dw2 + fgwjdwi A cftUT A dw2) 
— wiw2{fw29dwi A (iw2 A dw2 + fgwrdwi A dwi A (itt^)], 



where /^,. := and % Then 



doj = 2(1 — jtuip — |t(;2p) ^{wid/wi+widwi+W2dw2+W2dw2)AQ+{l — \wi\^ — \w2\^) '^d^l. 
Here, 

(tuidTfJT + widwi + W2dw2 + W2dw2) A 
= (1 - Ituil^ - \w2\'^){-Wlf^u^g + WfgwT - 'i^2fw29 + 'i^fgw^)dwi A dW[hdw2 A cfuJ^. 

=[2(i(;i/^^5f - WfgwT + W2fw29 - w^f9w^) 

+ (1 - \wi\'^ - \w2\'^)~^{fAn2g - gAn2f)]dwi A dW[/\dw2 A dw^. 
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Therefore, 

(2.19) _ _ 

dw = (l-|t(;ip-|t(;2p) ^{fAn2g-gAn2f)dwiAdw]:Adw2Adw2 = {fAn2g-gA^2f)dVM2. 

Transform the integral to an integral over , exclude a small ball of radius e and center 
0. We denote the inverse image of := {W e B^ : \W\ = \wi\'^ + \w2\'^ > e} in 
&2 by &2,e- Let be the boundary of B^ with orientation such that the normal is 
directed outside. Using spherical coordinates, we obtain the restriction of the differential 
form to the sphere S^. We have dwi = e*^^ cos Lpdr + ire^^^ cos(pd9i — re^^^ sin ipd(p, 
dw2 — e*^^ simpdr + ire^^^ smipd92 + re*^^ cos (pd(p. Hence, 
(2.20) 

dm{W) = (1 — \wi\'^ — \w2\'^)~^dwidwidw2dw2 = 4r^(l — r^)~^ sinp cos (pdrd9id92d(p. 

In particular, when r — e (constant), 

dwi A dw2 A dw2 = — 2r^e*^^ sin (p cos^ (pd9i A d92 A d(p, 
dw\ A dwi A dw2 = - 2r^e*^^ sin^ (p cos (pd9\ A d92 A d(p. 

On the other hand, 

= -e ^cos(p— — — sm<^— — , 



dwi 2 dr 2r cos ip d9\ 2r dip ' 

df 1 . df i e-^'- df e-'^- df 
— -e -^sm(/p-^ — : — — I — - — cosip—. 



dw2 2 dr 2 r sin (f d92 2r dip 



Therefore, 



T(/) :=(! - \wi\'^ - \W2\'^)~'^{[{1 - |tyi|^)/wi -wiW2fw2]dwi Adw2 Adw^ 
+ [(1 - \w2\'^)fw2 - wiw^fjju^]dwi A dwi A dw2) 
(2.21) = _ 2r3(l - r^)-i sin cos (^(e^^^ cosipf^^ + e*^^ sin(pf^^)d9i A d92 A dip 

= — r^(l — r^)~^ sin(p cos (fi 



d i ( d d 
+ 



dr r \d9i d92 



fd9i A d92 A d(p. 



In fact, 



(2.22) u; = Tif)g + fT{g). 

In the coordinates (r, <p, 9i, 6*2), let / = f{r). By Abs/ = A/ with A = s{s — 2), we 

4^ ^ dr^ 4r dr 
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I.e., 



+ r- :T-r- + 



4r 



.2 



1 — r'^ dr (1 — r^)^ 



Here = 3 + 2r + 2r + ■ ■ ■ , i.e., qq — 3. The indicial equation is z/(z/ — 1) + 3i/ = 0. 

Hence, u = or u — —2. Since 4r^~^ ^ ^ P*^^^ at r = 0, we have u — —2. Let 
/(^) — Z]^o '^n''"^"^- Without loss of generahty, we can assume that qq = I. Therefore, 



(2.23) 

Set V = and /(r) = (f){v), one has 
(2.24) — + 



hm r^/(r) = 0, hm r^f'ir) = -2. 

r— >0 r— >0 



(if ^ 



2 ^ -1 \ # ^ s(2 - s) 
V V — 1 J dv v{v — 1)^ 



It is known that the Fuchsian equation with three regular singularities a, b, c is given by 



d'^w 
'd^ 



+ 



1 - ai - ^2 _|_ 1- Pi- (32 1 - 7i - 72 



z — a 



z-b 



z — c 



dw 1 

dz {z — a){z — b){z — c) 



X 



Q!iQ!2(q - b){a - c) _^ PiP2{b- c){b- a) _^ 7172(0 - a) (c - b) 



a 



= 0, 



where (ai,a2), (/3i,/32), (71,72) are exponents belonging to a,b,c, respectively, and, 
they satisfy that ai + a2 + /3i + /52 + 71 + 72 = 1- The solution of this equation is given 
in Riemann P-notation by 

{a 6 c 1 
"1 Pi 7i ; ^ > • 
"2 P2 72 J 



When c = 00, it reduces to 



d'^w 
'd^ 



+ 



1 — CKl — Q!2 1 — /?! — /32 



z — a 



z-b 



dw 



+ 



1 



'aia2{a-b) PiP2{b - a) 
X \ ; h 7l72 



z — a 



z-b 



dz ' {z — a){z — b) 
w = 0. 



Now, in our case. 



a = 0, 6 = 1, c = 00, CKi = 0, q;2 = -1, /3i = s, /32 = 2 - s, 71 = 0, 72 = 0, 
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and 

' 1 oo 

s ■,r^ } ^ {r^ -iyF{s,s;2,r^). 

-1 2-s 

Now, we obtain the solution 

(2.25) fir) = (r^ - s; 2s - 1; 1 - r^). 

In the next argument, we will prove that by the isometric transformation, the radial 
solution of the partial differential equation A^2^i^fi~ = s{s — 2)/^ (sec (2.32) for the 
definition of AB2,fc), i.e. fk = /^(r) withr^ = |iyip+|i(;2p, is transformed to the function 
0s,fc(c) which is the solution of the differential equation A/j0s,fc(c) = s{s — 2)0s,fc(c) 
(see (2.31) for the definition of A^). At first, let us consider the case of weight k = 0. 

By [Y], Lemma 3.2 and Proposition 3.4, we have 



(2.26) 



„(„+l)il + (3„ + 2)A+.(2-.) 



(j)s{u) = 0, 



where u = u{Z, Z') = a{Z, Z') - 1 and 5 = 5(Z, Z') = \\(j{Z, Z') + 1]. On the other 
hand. 



(2.27) biz, Z') = cosh d(Z, Z') = cosh d^2 (W, 0) = cosh ( log ) = - 

\ 1 — r J 1 



1 + 



Thus, u = 2(5-1) = ^ = and ^ 

transformed to the equation 



„(„ + 4)-^ + (3« + 8)A+.(2-.) 



i(M + 4)2^. The equation (2.24) is 
0s(«) = 0. 



Set u = At, then 



0.(^) = O, 



which is the same as (2.26). 

Now, let us consider the general case: 



(Afc - X)gk,x{Z, Zo) = 0, Z e 62 - {Zq}. 



Set 
(2.28) 



g^xiZ, (-cj,0)) 



p{Z,{-uj,0)) 
p{Z,{-uj, 0)) 



9k,\{Z, Zq). 
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Then 
(2.29) 
where 

(2.30) 

In fact, 
(2.31) 

Afc = 



(Afc-A)^(Z,(-a;,0)) = 0, 



p(Z,(-a;,0)) 
p{Z,{-U, 0)), 



1 -k 



O Afe o 



p{Z, {-ZJ, 0)), 



-I k 



Zi — U 

Zi — ID 



O ZAfe 



— — ] = A + (Zi + ZT - Z2Z^) 

Zi-UJ J 



X 



fC — — fC — ^ ~ ~r fC — — /C ^ ~r 



fc2 



^r-c^a^i ^i-aJa^r zT-codz2 zi-um {z^-co){zi-cJ) 
Moreover, 

-A; 



^k4>s,k{.<y) 



Zi — CO 

Zi —U 



Z\ — ijJ 

zi —U 



^k^s,k{^, (-^^,0)) 



s{s - 2)<fis,k{^, {-(^, 0)) = s{s - 2)0s,fc(cr). 



In the ball model, the operator Ak is given by 
(2.32) 

d d 



Ab2 + {1- \wi\ - \W2\ ) 



In the coordinates (r, ip, 9i, 62), 



k wi 



dwi ^ dwi 



d _ d 
+ W2 W2 



' dwo 



dw-2 



d 1 



Wi 



W2 



— -rcos (fi 



dwi 2 
d 1 

dw2 2 ^dr 2 002 2 



did 1 

a;^-2a^-2""^^°^^a^' 

did 1 



H — sm (p cos (p 



d_ 
d(f 
d 



Thus, 



d 



Wi 



dwi dwi 



_ d d 

M^17^= + W2 



d 



dw2 ^ dw2 



dip 
d d 



+ 



dOi de2 



In the coordinates (r, 6'i, O2), let fk = fk{r). By AB2,fe/fe = s{s - 2)fk, we have 



4^ ' dr^ 



+ 



4r 



+ [/c2(l-r2)-s(s-2)]/fe = 0. 
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I.e., 



+ 



■[A;2(l-r2) + s(2-s)]/fc = 0. 



dr"^ 1 — r'^ dr (1 — r^)^ 

The indicial equation is iy{u — 1) +3z/ = 0. Since ^ ^ P^^^ at r = 0, 

u = -2. Let fk{r) = En=o ^nr-"-^ with ao = 1. Then 



(2.33) 

Set V = and fk{f) = fk{i^), then 



hmrVfc(r) = 0, hm rVfc(r) = -2. 

r—tO r— >0 



(2.34) 
Here, 



+ - + 



1 \ rfA 



' \v ' V — 1 J dv ' v(v — 1) 



+ 



s(2-s) 

V- 1 



a = 0, 6 = 1, c = oo, Q!i = 0, Q!2 = = s,/?2 = 2 - s, 7i = |A;|,72 = 



1 



oo 



P{ s \k\ ;r^} = {r^ -iyF{\k\+s,-\k\+s;2;r^). 



-1 2-s -\k\ 
Now, we get the solution 



(2.35) 



fk{r) = (r^ - iyF{s +\k\,s-\k\;2s-l;l- r^). 



By [Y], Lemma 4.8, we have 
(2.36) 



d^ fl 2 
+ - + 



d 



da'^ \a a — 1 J da a{a — 1) \ a 



{ — +s{2-s) 



While, a = 26-1 = 2^ - 1 = ^ ^ ^ and ^ = l{a + 2>f£. The equation 
(2.34) is transformed to the equation 



(a-l)(a + 3)^ + [3(a-l) + 8]^ + 



s{2-s) + 



(7 + 3 



Set cr = 4t - 3, then 



^2 ^ /I ^ 2 W ^ 1 



dt^ \t t-lj dt t(t-l) 
which is the same as (2.36). 



k' 



+ s{2-s) 



32 LEI YANG 

By the above argument, we see that by the Cay ley transform, the integral 



/ 0), Z)){Ak - \)g{Z)dm{Z) 



'62,. 

is transformed to 

/ h{r){/^^.,k->^)h{W)dm{W). 

Here, 



r ^ 

/ h{r) ■ k{l - - \w2\'')iwi- wTj— + W2j: )hiW)dm{W) 

Jb2 dwi dwi dw2 0W2 



X 4r^(l - r^) ^ sin (fi cos (fid9id92d(pdr. 
Note that 



f dh 

/ -K^-if cos (fie'^\r sin (fie'^^)dei = h{r cos (pe'^' ,r sin (fie'^^)\l'^^Q = 0, 
Jo od\ 

I ■^{rcosifie'^\rsin(fie'^^)de2 = h{r cos ifie'^\rsinifie'^^)\j^^Q = 0. 
Thus, the above integral vanishes. Hence, 

/ fk{r){A^2^k->^)h{W)dm{W)= [ fk{r)[An2 + k\l - r^) - X]h{W)dm{W). 



Now, we have 



and 



/ VsAi-^^ 0): Z){-Ak + \)g{Z)dm{Z) 
Mm / ips,k{{-(^-,^),Z){-Au + X)g{Z)dm{Z), 



<fis,k{i-<^^ 0), Z){-Ak + X)g{Z)dm{Z) 

_ N -fe 

^ 0.,fe(a((-a;, 0), Z)){-Ak + \)g{Z)dm{Z) 



&2,e V^l 

k 



/ 0«,fc((7)(-Afe + A) 



.(2) 

^1 — a; 



dm{Z). 
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By the Cay ley transformation, the function 9{Z) is transformed to the func- 

tion h{W). Hence, the above integral is equal to 

/ /fc(r)[-AB2 - ^{1 - r^) + X]h{W)dm{W) 

= / {h{W)[/\M.+e{l-r^)]fu{r)- fk{r)[/^M^+k\l-r^)]h{W)]dm{W) 

[h{r)/\^2h{W)-h{W)/\^2fk{r)]dm{W) 

-I dw= [ 



UJ. 



Here, u = T{fk{r))h{W) + fk{r)T{h{W)). In fact, 

f27r Q /.27r 



/ -^KW)dej^ I -^h{r COS ^e'^\r sin ^e'^-')d9j 
Jo o9j Jq oOj 

=/i(rcos^e^^Srsin^e^^^)|2j^o = 0, 3 = 1,2. 

By (2.33), we have 

lim / lim ill [— — r^)~^ sin cos (/?/'(r)/i(VF) 
^^^Js^ «^oJo Jo Jo 

f) 

+ f{r){-r^){l - r^)-^ sin ^ cos ^—h{W)]d9id92d^ 



=/j.(0) / / / 2sin(fcos(fd$id$2d(f 
Jo Jo Jo 

=471^/1(0) 



47r^^((-a;,0)). 



Hence, 



/ ^.,fc((-c^, 0), Z){-Ak + X)g{Z)dm{Z) = 4n^g{{-uj, 0)). 

In general, there exists 7 e SU{2, 1), such that = 7(— a;, 0), Z = 7(.^). 

cps,k{Z', Z) = J(7, (-a;, 0))2V.,fe((-a;, 0), Z) J(7, Z)-^^ 
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By [Y], Proposition 4.2, we have 

(Afc^)(Z) = (Afe^)(7(^)) = J(7,^)''=A,b(7(Z))J(7,Z)-2'=]. 

Thus, 

/ ^s,kiZ\Z){-Ak + X)giZ)dm{Z) 

= [ J(7, (-a;, 0))2Vs,fe((-c^, 0), Z) J(7, Z)-^^ 

X J(7, Z)2'=[-Afc(Z) + A][^(7(Z)) J(7, Z)-''^]dm(Z) 

=J{^,{-u;,0)f' f (^,,fe((-a;,0),Z)[-Afe(Z) + A][^(7(Z))J(7,Z)-2^]dm 

= J(7, (-a;, 0))^^ • 4n'g{i{-u;, 0)) J(7, (-a;, 0))-^^ 
=47r2^(7(-a;,0)) = 47r2^(Z'). 

Now, we have 

47r2^(Z') = / ¥P,,fe(Z', Z)(-Afc + X)g{Z)dmiZ) 

J&2 

= I fs,k{Z', Z){-Ak + X)g{Z)dm{Z) 
7erA(^) 

= Y,I ¥'s,fc(Z',7(Z))[-Afe(7(Z)) + %(7(Z))dm(7(Z)). 

Since £f e C2(r\62, k), one has £^(7(Z)) = J(7, Z)2'=^(Z), and 

Afe(7(^))^(7(^)) = (A,^7)(7(Z)) = J(7,Z)2'=A,[^(7(Z))J(7,Z)-2'=] 
= J(7,Z)2^Afe^(Z). 

Hence, 

[-Afe(7(Z)) + A]^(7(Z)) = - J(7, Zf^Akg{Z) + AJ(7, Zf^g{Z) 
=J{^,Zf\-Ak + X)g{Z). 

Therefore, 

47:^g{Z') = J2 f ^sAZ',l{Z))Jh,Zf\-Ak + X)g{Z)dm{Z) 
= J G,,kiZ',Z){-Ak + X)g{Z)dm{Z), 
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where 

GsAz',z) = J2fsAz',i{z))J{i,zfK 

This completes the proof of Theorem 2.11. 

□ 

Proposition 2.12. Set L[u] = AkU — s{s — 2)u. The eigenf unctions of the associated 
integral equation 

(2.37) (P{Z) -i,J^Gs,k{Z,Omdm{0 = 

are complete in L'^{r\&2, k). 

Proof. Apply Theorem 2.11 in the context of the analogue of the Hilbert-Schmidt 
theorem and the completeness theorem of eigenfunction expansions (see [Gar], p.382- 
385). 

□ 

Proposition 2.13. Let L[u] = A^w - s{s - 2)u. The equations L[u] + //u = and 

(2.38) <t>{Z) = ^ j^Gs,k{Z,i)mdm{i) 

have identical eigenf unctions for LP'{V\&2^ k)- 

Proof. Suppose u e C'^(V\G2-,k) satisfy that L[u] + /xw = 0. As an application of 
Theorem 2.11, we have 

u{Z) = £^J^Gs,kiZ,0<OdmiO. 

Conversely, assume that </> e L^{T\&2., k) satisfy = -^Gg^k ° 0- One can modify the 
proof of the classical Poisson equation in potential theory (see [Gar], p. 170-173) to see 
that 4> e C2(r\62,A;) and L[0] = -//0(Z). 

□ 

Theorem 2.14. The equations Akf = nf and 

(2.39) <P{Z) = ^ [s{s - 2) - //] ^ Gg,k{Z, Omdm{0 

have identical eigenf unctions for L'^{r\&2, k) . These eigenfunctions are complete in 
L^{T\e2,k). 

Proof. This is the consequence of Proposition 2.12 and Proposition 2.13. 

□ 
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Definition 2.15. Let {^^jJ^Q be the complete orthonormal family of L^(r\62,/^) 
eigenfunctions generated by the Fredholm theory of Theorem 2.14 for fixed s. Thus, 

(2.40) Ak(t>n = KK, <t>n{Z) = -^[s{s - 2) - Xr,] J^Gs,k{Z,OMOdm{^),n> 0. 
Let 

L2(r\62 X r\62, k) = {F{Z, W):Fe x T), 

F{'yi{Z),'y2{W))^J{^i,Zf''F{Z,W)J{^2,W)-^'' for (71, 72) G T x T}. 
L^(r\62 X r\S2, k) is a Hilbert space with inner product 

{F,G) = j j F{Z, W)G{Z, W)dm{Z)dm{W). 

Note that 

00 

(2.41) L2(r\62,A;) = 0[0„(Z)], 

n=0 



(2.42) L'(r\62 X r\62, fc) = ^[(Pm{Z)(Pn{W)]. 
We have 

00 

(2.43) Gk{Z,W) = ^Afe(An)0n(^)0;PO, 

n=0 

where the convergence is uniform and absolute (see [H], p. 12, Proposition 3.4, p. 14, 
Proposition 3.8, p. 346, Proposition 4.8 and p. 374), and the eigenvalues A;;(An) are real. 
Moreover, 

CO 

(2.44) 5^|Afc(A„)| <oo. 

n=0 



(2.45) 



» 00 
/ Gk{Z, Z)dm{Z) = J2 Afc(An) = 'IV(Lfe). 

•^^ n=0 
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We have 

TV(Lfc) = / Gk{Z,Z)dm{Z) 



= [ Y.Kk{Z,^{Z))J{^,Zf^dm{Z) 
= Y.Y. j Kk{Z,R{Z))J{R,ZfHm{Z). 



{7} fle{7} 

Here the element R can be expressed as -R = a"~^7cr with o" G F. In fact, a~^'-ya — t~^jt 
if and only if Ta~^^aT~^ = 7 if and only if crr"^ e Z{'j) if and only if cr e Z{'y)T, where 
Z{'j) is the centralizer of 7 in F. Hence, 

It(Lfc) = 5] J] /" Kk{Z,a-'^a{Z))J{a-'^a,Zf'dm{Z). 
{7} aez(7)\r"^-^ 

Note that 

J(7a, Z) = J(a, a" V(^))'>^((^"S(^, Z) 

and 

K(a(Z), 7a(Z)) = J(a, Zf'KiZ, a-'^a{Z))J{a, <j-^^<j{Z))-^\ 

we have 



{7} aez(7)\r"^^ 

\2fc 



{7}.€Z(7)\r-^^ 
{7} aez(7)\r'^-^ 

EE/ ^^(e'7(0)'/(7,0''rf™(0. 



{7} Tez(7)\r 



Since ^ is compact and $ has compact support, the (7, cr) sums above are of finite 
length. By the same method as in [H], p. 23, Proposition 5.1 (Chapter 1), we can prove 
that Uo-ez(7)\r ^(•^) ~ FR[Z'(7)], the fundamental region for ^(7). Moreover, the inte- 
gral jYK[z{'y)] ^k{Z,^{Z))J{'j, Z)^'^d'm{Z) is independent of the choice of fundamental 
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region. In fact, for r e ^(7), 

i^,(r(Z),7r(Z))J(7,r(Z))2^ 
=i^fe(r(Z),r7(Z))J(7,r(Z))2fc 
= J(t, 7(^)) J(t, 7(^))-'' J(7, T{Z)f^ 

=K,{Z, ^{Z))J{t, 7(^))-'^J(r7, Zf^ 
=Ku{Z,^{Z))J{^,Zf\ 

Hence, 

(2.46) IV(Lfc) = V / 7(^))^(7, ^)''=rfm(Z). 

Since r\62 is compact and smooth, there are no parabohc terms and eUiptic terms. We 

have 

(2.47) 

Tr{Lk) = j Kk{Z,Z)dm{Z)+ J] J Kk{Z,-f{Z))J{-f,Zf^dm{Z). 

{7} hyperbohc ^'^^^'^'^^^ 
Tr(7) > 2 



3. Trace formulas and zeta functions of weight k 
3.1. Basic notions 

According to [Hi2] , let M be a bounded domain in C" endowed with the Bergmann 
hermitian metric. This is a Kahler metric which is invariant under complex analytic 
homeomorphisms of M . Let I{M) be the group of all such homeomorphisms and 
Y = M/V the quotient space defined by the action of a subgroup V of I{M). The 
identification map p : M — > y is a complex analytic covering map of a compact com- 
plex manifold Y if (a) F is properly discontinuous, i.e. any compact set in M intersects 
only a finite number of its images under F; (b) M/F is compact; (c) F acts freely, i.e. 
only the identity element of F has fixed points. Properties (a), (b), (c) imply that the 
canonical line bundle Ky is a positive line bundle over Y. Therefore Y is an algebraic 
manifold. The following special case of a theorem of Borel shows that there always exist 
algebraic manifolds M/F (see [Hi2, Theorem 22.2.2] or [Bo]). 

Theorem (Borel). Let M be a bounded homogeneous symmetric domain, and I{M) 
the group of complex analytic homeomorphisms of M . Then 

(1) /(M) contains a subgroup F which satisfies (a), (b) and (c); 
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(2) ifr is a subgroup of I{M) which satisfies (a) and (h), and which does not consist 
only of the identity element, then V has a proper normal subgroup of finite index 
which satisfies (a), (b) and (c). 

Let M be a complete locally symmetric Riemannian manifold of negative curvature. 
Assume that the real dimension of M is even, M has finite volume and M is compact, 
since the complex hyperbolic space is homogeneous, the Gauss-Bonnet formula 
or Hirzebruch proportionality theorem [Hi2, Theorem 22.2.1] tells us that there is a 
constant such that Vol(M) = Kne{M), where e(M) = Ei=o(~l)' dim i?^(M, M) with 
dimK M = 2n is the Euler number of M. When the holomorphic sectional curvature is 
normalized to be —1, hence the sectional curvature is between — | and —1, we have (see 
[HP]) 

_ (-7r)"22'^ 
(n+1)! • 

In particular, k,2 = |7r^. 

Yau's Theorem [Yau] tells us that all varieties X on which K is ample carry a unique 
Kahler-Einstein metric. This result shows that if X is a surface on which K is ample, 
then the Chern numbers satisfy cf < 3c2, the equality holds if and only if X is iso- 
morphic to r\B2, where T C PSU{2, 1) is a discrete torsion-free cocompact subgroup. 
Hirzebruch [Hil] showed that the surfaces r\B^ did satisfy cf = 3c2. Furthermore, Borel 
showed that (see [BPV], p. 177) for infinitely many a e N there exists a surface X which 
has the unit ball in as its universal covering, such that c^(X) = 3a, C2{X) = a. 

In our case, since M = r\&2 is covered by the unit ball, = 3c2. Noether's formula 
tells us that (see [BPV], p.20) 

X{X) = J](-l)Mimiy^(X,Ox) = 1 - q{X) + p,{X) = j^(c?(X) + c^iX)), 

where X is a compact complex surface. Hence cf + C2 = O(mod 12). Consequently, 
C2(M) = O(mod 3). Therefore, Vol(M) = ^7r^C2{M) is a multiple of tt^. 

3.2. The computation of the identity 
We have 

J Kk{Z,Z)dm{Z) = J HkiZ,Z)^0)dm{Z) = ^0)Vo\{T), 

where is the fundamental region of F. 

In the case of weight k — 0, by $(u) = ^ ■^y==^d{y/v~+lP' (v)) , we have 

$(0) = - / d{V^P'{v)). 



40 LEI YANG 

Since V = sinh^ |, one has v + 1 = cosh^ ^, dv = ^ smhrjdrj. P{v) = g{r]) implies that 
P'{v)dv = g'{v)dv. So P'{v) = g'iv)^ = Thus, V^P'{v) = 

While, g{r]) = h{r)e~'^'^'^dr and h{r) = h{—r), we have 

1 

d'iv) — J rh{r) sin rrjdr. 

Hence, 

, , 1 r°° , , /"°° \ cosh ^ sin rrt — r sinh ^ cos rrt 

Denote the inner integral as F{r). Set u= \r] and G{2r) = F(r), then 

, cosh u sin r-u — r sinh u cos ru , 

G{r) - / —3 du. 

Jo smh u 



We have G{r) = ^r^^^ (see (A.l) in Appendix). So F(r) = G{2t) = 
Hence, $(0) = ^ /^^ /^(O^^cir and 



(3.1) Vol(M)$(0) = -C2(M) / /i(r) 

3 J-oo 



dr. 



tanh 7rr 



In the case of weight A; = 1, by $(«) = ^ ^d \{^)' 



, we have 



Trio VWTT/ 

Put = sinh^ ^, then ^/v = sinh ^, + 1 = cosh ^, -Pi(i') = gi{u) and ^ = ^ sinhti. 
We have P[{v)dv — g[{u)du, so P[{v) — Similarly, Pi{v)dv — ^ sfnh^^ ) ^^^5 ^^^^ 

implies that P-(^) = ^ (MM)'. Here 

Vv + l) V^TTT (^; + l)i 4(i; + i)i' 



Thus, 



1 r 

Jo 



4:g'/(u) 4 cosh « , 

■9i{u) 



, 3 gi{u) 



sinh^ u sinh^ u 
Note that gi{u) — hi{r) cos rudr, we have 



+ 



sinh u cosh^ ^ 4 cosh^ |- 



X 









lo 


nOO 






4r- 


Jo 





sinh^ u 

Here, by (A.l) in Appendix, we have 



+ 2r 



sm ru 



3 cos TO 

+ T- 



sinh M cosh"" | ' 4 cosh | 



°° cosli H sill /•(/ — /• Hiiili a cos ru 

4:r o du 

sinh tt 



nr 



tanh |-r 



On the other hand, 2r s^n^f^ci^ = r/„°° ii^nrf^^"- By (A.3) and (A.4) 
Appendix, we obtain 



^0 



sm ru 



du 



TT 7r(2r2 + 1) 



sinh I cosh ^ tanh ttt sinh 7rr cosh | 



cos ru , 47rr(r^ + 1) 
-aw — 



3 sinh Trr 



Therefore, 

m 

By 



1 /"^ 



Trr" 



_^ Trr 7rr(2r^ "'"^ + ^''^^^ ^-^ 



tanh tanh Trr 



sinh Trr 



sinh Trr 



dr. 



tanh -j-r sinh Trr tanh 



1^, we have $(0) = ^ /ii(r)l£^dr. Thus, 



(3.2) Vol(M)$(0) = ^C2(M) / /ii(r) 

In the case of weight /c = |, by 



r(r^ + 1) 
tanh Trr 



dr. 



71" Ju VtJ-U 



we have 



$(0) 
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By the same method as above, one has 



TT Jo sinh U \ sinh rj 



1 f cosli // sill /•// — /• siiili // cos rr] 

/ rhiirjdr / 7^ art. 

TT^J-oo ^ Jo sinh^sinh^r/ 



Denote the inner integral as H{r), we have (see (A. 2) in Appendix) 

H{r) = ^ (r^ i ) 



Therefore, 



and 



$(0) = -J— [ hi(r)r (r^ + t I tanhTrrdr 



(3.3) Vol(M)$(0) = ^C2(M) j hi{r)r (^r^ + ^ tanhnrdr. 



3.3. The computation of hyperbolic elements 

Suppose that the hyperbolic element takes the form 7 = diag(/xe*^, e~^*^, /x~^e*^). 
For Z = {zi,Z2) e 62, 7(^1,^2) = {iJ,^zi,fie-^^^Z2), pi^izi, Z2)) = ii'^p{zi, z^). By 
Proposition 2.1, Z{'y) =< 71 > x < 72 >, where (71,72) is a primitive pair and 
71 = diag(ro, l^r^^), 72 = diag(e*'^o, e-^^'^o, e**^"). Thus, 

FR[Z(7)] = FR[< 71 > X < 72 >] = FR(7i) n FR(72). 

One has 72(2:1,2:2) = (2:1, 6"^**^° 2:2) and 71(2:1,2:2) = (ro2:i, ro2:2). Hence, 

FR(72) = {(2:1,2:2) e 62 : < arg(2:2) < —7^}, 

ord(72) 

FR(7i) = {(2:1,2:2) e 62 : 1 < p(2:i,2:2) < rg}. 

Therefore, 

FR[Z(7)] = {(2:1, 2:2) e 62 : 1 < p(2i, 22) <rl < arg(;22) < — r^}- 

ord(72j 
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On the other hand, 



^(7 ^(7\\ |P(^,7(^))P 2-2|— ,„2^ 3ie,^|2 

a[Z,j[Z)) — ^( r7\ ^1 r7\\ ^ A* P \Zl + fi Zl — jlC Z2Z2\ 



We have 



c(7) 

-L 



FR[Z(7)] 



^{u{Z,'y{Z)))dm{Z) 

FR[Z(7)] 



Set zi = |(p + |2;p) + zt, Z2 = z where p > 0, t e R and 2; e C. Then 



\z^ + IJ,'^zi - fie ^'^Z2Z^\^ 



[- (p + + 1) - cos 3^] + - l)t + ii\z\^ sin W]\^ 



;(//^ + l)(p + l-zp) - /^kl^ cos 36* 



+ [{1? - l)t + //|^psin3^]' 



The norm of 7 is A'"(7) = Therefore, 
c(7) 



00 -'zeC,0<arg(z;)<; 



"■d{T2) 



*(p-'([2(/^ + /^"')(P+l^l')-|^l'cos3^]2 



+ [{jj - IJ~'^)t + |2psin36']^) - l)p~^dzdzdtdp 

rNi-yi) poo poo 



/lyy-yi) poo poo -I 



ord(72) 

+ [(p - p~^)t + rsin36']^) - l)p~^drdtdp. 



Set M = - and v = —, then 



c(7)=— --lniV(7i) / / $([-(p + p-^)(«+l)-«cos3^]2 
orcl(72j 7-00 Jo ^ 

+ [^(p — p~^)v + It sin 3^]^ — l)dudv. 

Set /(w) = i(p+p-i)(w+l)-ucos36', then /'(w) = i(p+p-i)-cos3^ > l-cos36' > 0. 
So/H>/(0) = i(p + p-i). Let 



^(p + p ^){u + 1) — ucos39 



1, ?7 = ^(p — P ^)f + 'usin3^. 
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Then ^ G [^(/x - ^ ^)^, oo), ry G (-00, 00). 

= + + ~ 2cos39)du, drj — ^(// — iJ.~^)dv + sinSddu. 

Then 

du l\dv = z. , . 

+ -2cos36')(/x-//-i) x/^TT 

Hence, 

^ 6..ordfa)-'lnJVfa) /~ /- ,^)*^ 

(//-/<-')(// + //-'-2cos39)ii(„_^-,)J_^*** + '' '""v/f+T 

Set V = rf" , then 



+ -2C0S3^) J^^^_^-iyJo 

Here 

= r ^{w)dw r = 

= / $(t(;)arccos dw 

1/ 1^^^ 



where - = \{e^ + e"'' - 2), i.e., r] = In/x^ = lniV(7). Note that n + 
2cos3^ = l/x^ei*^ — //~^e~i*^p. Therefore, 

.O.N / N 67r-ord(72)-Mn7V(7i) 

^ ^ ^ '^^^ " [iV(7)i -iV(7)-^]|iV(7)^ei^^(^) -Ar(7)-ie-i^^(7)|2^^'''''^^^^- 

In the case of weight /c = 1, set 

4(7)= / iyfc(Z,7(Z))$KZ,7(Z)))J(7,Z)2'=dm(Z). 

^FR[Z(7)] 
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Then 



4(7) = 

»A/'(7i) i-oo 



{-yi) poo I- 

/ / / Hk{Z,-f{Z))^u{Z,-f{Z)))J{-f,Zf^p-^dpdtdzdz. 

Jl 7-00 ^^eC,0<are:r2)<— feL^ 



Note that J(7, Z) = e*^. Using the same notation as above, by the transform z — i/re 
with r > 0, 'd e [0, 27r), u = ^ and v = ^, we have 

ord(72) 

~ '■"^ + + 1) - wcos3^] + - + usm3e])^'' 

|[i(// + Ai-i)(u + l) -wcos3^] +i[i(//-//-i)w + usin36']|2fc 

X *([^(a* + A*~^)(^« + 1) cos 36*]^ + [hjj, - ij,~^)v + u sin 36]'^ - l)dudv. 
Let ^ = [|(// + ii~^){u + 1) — wcos3^]^ — 1, ry = |(// — iJ,~^)v + ttsin3^ as above, 
67r-ord(72)-MniV(7i)e2'^^^ f°° f°° (Vl+l + ivf'' 



11? 



X 



. . ^ 67r-ord(72)-MniV(7i)e^^^'^ /""^ /" 
~ + //-I - 2 cos 3^) A 



ifx - + //-I - 2cos 3^) Ji(M-M-^)^ I Ve+T + ^^P'^ 



By 

2k 



m=0 

we have 



67r-ord(72)-HniV(7i)e^fe^^ Z'"- /"^ ^ l^^fcV 

'^^^^ (/^-/^-^)(/^ + /^-^-2cos3^)y_^yi(^_^-i).^^V2m/ ^ 

By the transform v = rf, one has 

J ( , 67r-ord(72)-MniV(7i)e^^-^ A /^2fc\ 

'^^^^ (^-^-i)(^ + ^-i-2cos3^)yo 71(^-^-1)2^0 W ^ 



X + 1)'=-'"-^^;'"-^ + V + + V)d^dv. 
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Here, 




k 



/■oo POO k / 2k\ 

r ^{w){w+i)-''dw r V f,^^V-ir 



Note that 



j-oo pw k /'2k\ 

Jv Jv V^W 



Then 
(3.5) 

4(7) 



C..o.K,.)-lniV(,,).-- :n(^[iV(.)i-iV(,)-^]^). 



[Ar(7)5 - iV(7)-^]|Ar(7)3ei»^(T') - Ar(7)-3e-i»^(^) |2 M' 

In fact, 7 can be expressed as 7]^7|, where (71, 72) is a primitive pair (see Proposition 
2.1). Thus, 

c(7) = 67r.ord(72)-MniV(7i) q(mlnNM) 

[A^(7i)^ - iV(7i)-^]|iV(7i)^ei^''^(^^) - Ar(7i)-^e-i^«^(^^)p^^ ^ 

Similar expression can be done for Ik{l)- 

... 67r-ord(72)-MniV(7i)e^^-^^(-^^) ( ^ m \\ 

~ [Ar(7i)^ -iV(7i)-^]|iV(7i)^ei^«^(^^) -Ar(7i)-f e-i^«^(^^)p^'^'" 



3.4. The trace formulas of weight k 

From now on, we need the following assumption. 

(1) hk{r) is an analytic function on |Im(r)| < 1 + 5. 

(2) hk{-r) = hkir). 

(3) |/ife(r)|<M[l + |Re(r)|]-4-^. 
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Here 5 and M are positive constants. 

We claim that the Fourier transform gk{v) = 4^ ^fe('')e~*^''cir, 77 e M satisfies 
the inequahty 

In fact, suppose that rj < 0. An apphcation of the Cauchy integral theorem shows that 



The right hand side is bounded in absolute value by 

M 



-00 J —I 



-00 

fOO 



\4+S 



dx 



M 



/■OO 

<2e(i+'5)^ / ^„ dx = 2Me^^+^^'^. 

Jo (1 



Note that 
We have 

^ orgs) g ord(72)~^ • In Ar(7i) • gk{m\nN{^i)) 



V- lniV(7i).gfc(mlniV(7i)) 

"{(77^.)}'^i [^(71)^ -^(7i)-^][iV(7i)^ -iV(7i)-^]^- 

As m — 00, A^(7i)^ — iV(7i)~^ — >• cxo. Hence, there exists mo G N, such that when 
m > mo, iV(7i)^ - -/V(7i)~^ > 1. Thus, 



E 



lnAr(7i) ■^fc(mlnAr(7i)) 



mt;^o [^(71)^ -A^(7i)-^][A^(7i)^ -A^(7i)-^]^ 

^ V" lnAr(7i) ^-(i+j)minJV(^i) 

- ^ iV(7i)^-iV(7i)-^27r2'' 

m=mo V ' -^z \ I J-/ 

which is absolutely convergent (see [H], p. 31, Proposition 7.4). Now, we get the Main 
Theorem 1. 
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Theorem 3.1. Assume that hk{r) is an analytic function on \Im{r)\ < 1 + 6, 
hk{—r) = hk{r) and \hk{r)\ < M[l + \Re{r)\]~'^~^ , where 5 and M are positive con- 
stants. Moreover, suppose that 



1 



47r2 



hk{r)e '''^'^dr, rj e 



Then the trace formulas of weight k for SU{2, 1) take the following form 

^ 2 



^ / ^ N , / N ^ / , ,N /"°° , / N / 9 , 9n cosh 27rr + cos 2k7r , 
Tr{Lk) = ^^^''^) = ^^2(M) / hk{r)r{r^ + k") dr+ 

J — oo 



(3.6) 



n=0 

{(71,72)} 



sinh 27rr 



ord(72) 



ord{^2) 



E E 



ln/V(7i) 



2kiqe{-y2) 



X 



iV(7i)-^] 
-gk{m lnA^(7i)). 



IS a 
the 



|iV(7i)xei»«^(^2) _ iV(^i)-^e-i»«^(^2)|2 

where A; = 0, ^, 1 and Hq = h, go = g. 

M = T\&2 with r a uniform, torsion-free discrete subgroup of G = SU{2, 1) 
compact complex algebraic surface. It is known that (sec [S] or [M]), on S{M) 
unit tangent bundle of M, we have geodesic flow Lpf If (x,^) G S{M) is the origin and 
tangent vector of a closed geodesic 7 starting at x with tangent ^ and of length L, then 
{x,$) is a fixed point of (pL- So dcpL : T{S{M), (x,^)) T{S{M), {x,^)). It preserves 
the geodesic flow vector field and hence induces a transformation, the Poincare map, 
Pj normal to that direction, i.e., P^ is a linear transformation on a vector space of 
dimension 2n — 2 if dimjj M = n. For symmetric spaces Pj can be computed using 
the Jacobi equation: For P^ there is the map: {V{0),V' {0)) — > {V{L),V' {L)) where 
V is any Jacobi field along 7, normal to ^. In our case, dimR M = 4, is a linear 
transformation on a vector space of dimension 6. 

Given A, B & Mm(C) we write A ~ S if A and B are similar; that is, there exists 
Q e MmiC) such that QAQ'^ = B. For 7 = diag(e^e*^, e'^*^, e-^e*^), with N{-f) = 



g«g3ie 



z-i). The associated Poincare map P^: 

\ 



,-2w 



-316* 



g-«g-3i6 



Hence, 



det(/-P^)| =1(1 -e 



2u 



= e 



)(1 

u|2 



-2u\ 



gKg3^6 



)(1 
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Thus, I det(/ - P^)\i = {e"" - e-")|e5'^ei*^ - e-^'^e-i^^p. 

Using the Poincare map, we can give another formulation of the trace formula as 
follows. 

Theorem 3.2. The other formulation of the trace formulas of weight k for SU (2, 1) 
takes the form: 

X 2 , , /"°° , / X / 9 , o, cosh27rr + cos2fc7r , 
Tr{Lk) = -C2(M) j hk{r)r{r^ + /c^) ^.^^^^^ dr+ 

(3-7) ord(72) cx) 1 Tvr,' ^ 

ordM ^ ^Jdet(/-P^^^.)l^ 

{(71,72)} <3=1 m=l I V 7i72^l 

where A; = 0, ^, 1 and Hq = h, qq = g. 
3.5. r/ie zeta functions of weight k 

Definition 3.3. The zeta function of weight k associated with the group < 71 > x < 
72 > generated by 71 and 72, where < 71 > is an infinite cyclic group, < 72 > is a finite 
cyclic group, is given by 



-Z^<7i>x<72>(^) 

ord(72) 



°° °° °° - - ^ Er=i'^^^exp([2fc+3(/-n)]iQe(72)) 



(3.8) _TTTTTTri ATf \-s-j-'-^ 



=nnn [1-^(^0 

j=0 1=0 n=0 

for Re(s) > 2 and 2/c e Z. 

For r a uniform, torsion-free discrete subgroup of SU{2, 1), we define 

(3.9) Zfe(s) = Zr(/c,s) = JJ Z<^^>x<^2>(^: 

{(71,72)} 

where {(71,72)} runs through a set of representatives of primitive conjugacy classes of 
Proposition 3.4. The zeta functions of weight k satisfy the following relations: 

Z',{s)_ ^ lniV(70 



r. 



(3.10) (ht^^H "''^'''^ ^ l'^'^''* - "^'^''"'1 

g2Hg6>(72) 3^ 

^ 

|-^(7i)^ei*'?^(^2) _ iV(7i)-f e-i^''^(^2)|2 iV(7i)"^(«-i) ' 
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Proof. We have 

^ord(T,,) oo^ 3 • ord(72)-^e^fe^^^(^^) lniV(7i) • iV(7i)-^(^-i) 

" hi ^i[A^(7i)^-Ar(7i)-^]|iV(7i)^ei^^^(^^)-iV(7i)-^e-i^«^(^^)p 
^ord(72) oo^ 3 -01(1(72) -le^'^*^^^^^) In iV(^^) .iV(^^)-"^« 

h- [l-^(7i)""'][l-^(7i)"^"'e3^'?e(72)][i_Ar(7i)-5"^e-3^9e(72)] 

ord(72) CO cx) 



^ ' q=l m=l j=0 

oo CX) 

X ^iV(7i)-^^e3^«'^(^^) ^Ar(7i)-^-e-3^«"^(^^). 

1=0 n=0 

A straightforward calculation gives 



„ oo oo oo ord(72) oo 

^ '^^'^ j=0 1=0 n=0 g=l m=l 



„ oo oo oo x_lg+j+l±!l\ ord(72) 

3 .r/., aY-Y-Y- A^(7l) = ^ J2fc+3(/-n)]iqe(72) 



„ oo oo oo , ord(72) 

3 a ' ' 



orfh,) EE E£ {'OS [1-^(70-—-]} E el-«,.-„„.,.(,., 

j=0 «=0 n=0 g=l 
(~ ~ ~ r ^-|^Er=^^exp([2fe+3(«-n)]i,0(72)) 



I j=0 l=Q n=0 

By ^.(.) = n{(,„,.)> ^<7.>x<7.>(^, we have = E{(,„,,)> 

□ 

Using the Poincarc map, we can reformulate the Proposition 3.4 as follows. 
Theorem 3.5. The expansions of zeta functions of weight k for SU{2, 1) are ex- 
pressed as: 

Zi{s)_ ^ 3 -^''^ lnAr(70 e^^-^(-) 



3.6. The functional equations of zeta functions 
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Now, we derive the functional equations of zeta functions of weight k. In fact, by 
the trace formulas which we develop as above, there are three zeta functions, which we 
denote by Zo{s), Zi{s) and Zi{s) according to the weig ht /c = 0, = I or = 1. We 
will prove that all of them satisfy the analogue of the Riemann hypothesis. Put 



1 



/ 1 



_p-oi2\v\ _p-oii\v\ 



47r(Q!f — \Q!2 



ai 



47r(/??-/?i) \p2 



J_e-I32\v\ _ J_e-/3il'7l 



Pi 



for 7/ e M and 1 < Re{ai) < Re{a2) < Re(/3i) < Re(/32)- By the following formula 



2a 



we obtain 



hi{r) = hi{r) = h{r) 



1 



1 



{r^ + al){r^ + al) (r2 + /32)(r2 + /^l) ' 



Note that 



hi{r) = hi{r) = h{r) = , o , o... , on/^? , o2^r^9 , o2^ = 0{r r ^ oo. 



The trace formulas yield 

E 

n=0 



1 



2 r 

= 3C2(M) j 



1 1 



cosh 27rr + cos 2k'K 



(r2 + Q!?)(r2 + al) {r'^ + PDir'^ + Pi) \ sinh27rr 

^ 2 ord(72) oo 

xr{r' + k')dr+ ^^_, J2 -77-7 E E 



ln7V(7i) 



X 



2(^2 _ Q,2) 
g2feiq6l(72) 



{(71,72)} 



^^d(^2) ir'jA^lTO^-A^lTi)-^ 



ord(72) 00 



1 



1 



E 



E E 



Q!2 A'"(7i)'^"2 ai iV(7i)'^«i 
lniV(7i) 



2^^'-^2){(7t^.)}°^^(^^) ir;[iV(7i)--iV(7i)-- 



,2fcig6i(72) 



X 



|Ar(7i)f ei^'^^^T^) - iV(7i)-^e-i^<'^(T2)|2 



1 



1 



1 



1 



P2 N{^i)^(^^ Pi Nirfi)^^^ 
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Set cti = s — 1 with Re(s) > 2, this gives 



n=0 



1 



L«2 



1 



(S-1)2 + 1)2 -2 

1 / 1 



1 



/9| - /9! 



a2-(5-l)2 
1 1 



r2 + (s-l)^ 



r2 + ai 



7-2 + 



/9| 



cosh 27rr + cos 2k7T 



sinh 27rr 



dr 



+ 



1 Z^(a2 + 1) 1 Z',{s) 



2[{s - 1)2 - ai] [as ^fc(«2 + 1) s - 1 ^fc(s) 



1 



1 z^(A + i) 1 ^UA + i) 



./?2^fc(/32 + l) PlZk{Pl + l)_ 

Therefore, we have the following result. 

Proposition 3.6. For Re{s) > 1, the following identities hold: 
(3.12) 

1 Z',{s) 



s-1 Zk{s) 

l Z',{a, + l) (g-l)2 
"2 Zk{a2 + 1) 



a.. 



+ 3C2(M) 



P! - Pi 

1 



1 Z',{P, + 1) 1 Z^(/?i + l) 



P2Zkip2 + l) PlZkiPi + 1) 
1 \ 



+ 



[s-iy 



2 
"2 



Pi - Pi 



r2 + (s - 1)2 

1 1 



r2 + a2 



) 



oo 
n=0 



r2 + /32 r2 + /32 

1 1 



2 , , 2^| cosh 27rr + cos 2A;7r 
sinh 27rr 



+ 



(s-l)2-a 



Pt - Pi 



K + Pi K + Pi 



where A; = 0, |, 1. 

The preceding theorem allows us to continue into Re(s) < 1. 

Let us consider the sum first. It is trivial to check the absolute convergence away 
from the points Sn = 1 + zr^, = 1 — irn- The singularity which occurs at s^, s^I is 
given as follows: 



(1) Tn 7^ 0. Sn contributes 



2s, 



-2 s — 



+ 0(1); Sn contributes 



+ 0(1). 



(2) Tn = 0. Sn = 1 contributes ^^^-,^.^2 + 0{1). 
Let 



J — ( 



+ 



r^ + al r2 + ^2 p2 _ p2 _^ p2 ^2 _^ ^; 



,0 ,9, cosh 27r/- + cos 2k7v , 

X r(r + A; ) ^ dr. 

sinh 27rr 
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We will give the analytic continuation of Wk{$,) into Re(^) < 0. Without loss of gener- 
ality, we can only consider the case of A; = 0. 



1 



+ e- 



l + e" 



-27rr 



tanhyrr 



1 



-27rr 



is an odd function with period i. Let r — ri + ir2, ri > 0, r2 G M, we have 

1 



tanh 7rr 



= l + 0(e-2''^i) as n^oo. 



The poles of are simple and are located at the points ki, A; e Z. 

We will move the path of integration in W{^) to Im(r) = A/" — |, where N is a, large 
integer. We assume here that < Re(^) < 2. 

Singularities are encountered for r = ±i^, ±^0:2, ±i/3i, ±i/32 and ki {k e Z). The 
Cauchy residue theorem yields 



tanh 7rr 



dr 



oo+i(iV-i) 
J-oo+i(N-^ 



tanh 7rr 



+ 27rz Res[r = ki] 



(■^-2) " " 0<k<N 
+ 27rzRes[r = i^] + 27rzRes[r = ia2\ + 27rzRes[r = iPi] + 27rzRes[r = 1^2]- 



Here 



Res[r = ki] = — 

TT 



+ 



Rl + c^l Rl + e Pl-P! \Rl + P! + 



where Rk = ki. 



i £ 
Res[r = i^] = — 



Res[r = ij3i] — 



2 tauTT^ 

i PI <4 - e 

2tan7r/?i Pi - 



Res[r = ia2] = 
Res[r = iP2] — 



2 tan7rQ;2 



Pi 



an 



2i&mTp2pl- Pi 



2 • 



Thus, 



/CO 
I- 
-00 



tanh 7rr 



dr 



i 



+ 2i ^ i? 

0<fe<iV 

e 



oo+i(JV-i) 

[ 

oo+i(iV-i) 
1 



tanh Trr 



dr 



Rl + c^l Rl + e Pl-Pl \Rl + Pl Rl+Pl 



+ 7r 



at 



e 



tan 



TT^ tan TT 0:2/ P2 — Pf \tan7r/3i tan7r/32/ 



P! 



P: 
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The analytic continuation of W{^) is obtained. 
If |Re(^)| < iV - i, we can define 



oo+i(Ar-i; 



-dr 



oo+i(jv-i) tanhTrr 

0<k<N 



+ 



Rl + c^l Rl + e Pl-P! \Rl + P! Rl + (3, 



+ 7r(^^ cot TT^ — a\ cot 770:2) — tt 



ai-e 
Pi - Pi 



COtTT/?! -/3|cot7r/32). 



The %{N - \) integral is holomorphic for |Re(^)| <N - \. 

Let u = r — i{N — |), note that tanh[7r(tt + i{N — |))] = ^^^j^ , we have 



/. 



.oo+i(7V-l) 



tanh 7rr 



dr 



-oo+i(JV-i) 

^ r r 1 1 , c^i-e 

J_J{u + i{N - + al {u + i{N - + e - P! 

1 1 1 o 

X (- ; 1— — n—z ; tttt; n)]iu + i(N )) tanh Trttdtt. 

Breaking up this integral into contributions for \u\ < N and \u\ > N, then its value is 
0{N-^) for fixed t «2, Pi and /32. Thus 



(3.13) 



k=0 



+ 



+ 7r(^^ cot TT^ — a.2 cot 7rQ;2) — tt 



{Pi coin Pi -/3|cot7r/32) 



Similarly, 



(3.14) 



k=0 



1 



1 



L«2 



+ 



1 



+ 7r[(^^ — 1) cot TT^ — {0.2 — 1) cot 770:2] 



Pi - 



Pi - PI 



[iPt - l)cot7r/3i 



(/3|-l)cot7r/32]. 
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+ 



(3.15) 



fc=0 
X 



at 



X tan7rQ!2] - ^^J— ^[(t - /^i) tan7r/3i - (t - tan7r/32]. 

Proposition 3.7. The following formulas hold: 
1 _ 4 



-C2(M)W^fe(s-l) + 



(3.16) 



s-lZfc(s) 3 

lZUa2 + l) («-l)^ 



+ 



Q!2 ^A;(a2 + 1) 
1 



-2E 



n=0 



/3f - /3| 
1 



1 Z^(/32 + l) 1 + 



fl + + - 1)^ 



+ 



/32^fc(/92 + l) /3lZfe(/3i + l)J 



+ 



1 



where A; = 0, |, 1 and i?e(s) > 1. 

Theorem 3.8. The functional equations of zeta functions of weight k are given by 



(3.17) 



Zfe(s) = Zfe(2 - s)exp 
Zk{s) = Zk{2- s)exp 



s-l 



-7rc2(M) / f(t) — /c )cot7rv(if 
.3 Jo 



:7rc2 



(M) / ^;(A; 
Jo 



v^) tanTTf (if 



/c = 0,1; 
1 



k = 



2' 



where M = T\&2 is a compact complex algebraic surface with c\ — 3c2. 
Proof. When A; = 0, by Proposition 3.7, we have 



Zo(s) Zo(2-s), 



-7rc2(M)(s - l)^cot7r(s - 1). 



s-l 



S-l 

An elementary calculation gives 

Z is 

^ /o \ ^ ^7rc2(M) / t;^cot7r^;d'i;. 
The cases of A; = 1 and k = \ can be proved in the same way. 

□ 

Corollary 3.9. The functional equations of zeta functions of weight k can be 
expressed as 



(3.18) Zq{s) = Zo(2-s)[sin7r(s-l)]^^(^)(«-i)'exp 



-8c2(M) / v^logsm'Rvdv 
Jo 
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(3.19) 



and 



(3.20) 
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Zi(s) =Zi(2 - s)[sin7r(s - i)]l-2(M).(s-i)(.-2) 
X exp 



-8c2(M) / {v^ - -)\ogsm'Kvdv 
Jo 3 



Zi{s) =Zi(2-s)[cos7r(s-l)]^^(^)(^-^)(^-^)(^-i) 

1 



X exp 



s-l 



8C2(M) / (v — — ) logCOSTTvdv 







12' 



Proof. If A; = 0, it is obtained by the following integral 

fS-l 



nS-l /-s-l 

/ TTV^ cot TTvdv = (s — 1)^ log sin 7r(s — 1) — 3 / i?^ log sin ttvc/v. 
Jo io 

The other two cases can be proved in the same way. 



3.7. The analogue of the Riemann hypothesis 
Theorem 3.10. Let 



□ 



CX3 CX3 CX3 



Zk{s)^ n nnn[i-^(^i) 

{(71,72)} i=Oi=0 n=0 



l+n 



ord(72 



) E°=i'''' exp([2fe+3(/-n)]iQe(72)) 



where Re{s) > 2 and A; = 0, |, 1. T/ien 

(1) Zk{s) are actually entire functions. 

(2) The identity of Proposition 3.7 holds for all s. 

(3) Zk{s) {k = 0, 1) have trivial zeros s = —m, m >0, with multiplicity |c2(M)(m+ 
1)^; Zk{s) {k = i) has trivial zeros s = —m + |, m > 0, with multiplicity 



|c2(M)m(m + l)(2m + 1). 



(4) The nontrivial zeros of Zfc(s) are located at 1 ± irn, i.e., the analogue of the 
Riemann hypothesis is true. 



Proof. By (3.16), Z'^(s)/Zfc(s) continues meromorphically to the whole complex plane 
C. By the calculation on the sum in (3.12), we know that the Tn sum contributes 
principal parts (s — Sn)~^, (s — 'Sn)~^ for each n > 0. This implies that the analogue 

of the Riemann hypothesis is true. By tt cot 712; — \ + Yl'^-^ \ + tx;: ) cind (3.13), 
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when the weight A; = 0, we have 



- 2 y 7 n + - if cot 7r(s - 1) 

^„ (S - 1)2 - 777,2 V ^ V ^ 

m=0 ^ 

= - V f ^ ^ + {s- 1) + 

m=l ^ ' 

°° / 1 1 \ 

m=l ^ ^ 

=(,_i) + f;(,_i+™) + f;(i^il!±:!!!. 

^ ^ ^ s - 1 + m 

m=l m=l 

Here E^=i ^^.^fiS^ = E^=o The m-sum contributes 

4 8 
(m + 1) • -C2(M) • 2(m + l)2(s + m)"^ = -C2(M) • (m + lf{s + m)~^. 

Hence, Zo(s) has trivial zeros s = —m with multipHcity |c2(M)(m + 1)^. 
The cases oi k — 1 and k — \ can be proved in the same way. 



□ 



Appendix 

In this appendix, we calculate the following four integrals. 



f 

Jo 



cosh u sin ru — r cos ru sinh « /"°° cosh u sin ru — r cos ru sinh u 

-du, / . , „ . , o aw, 



sinh^ u ' Jq sinh |- sinh^ u 



f°° sin TO , /■°° cos TO , 

/ o — du, j 2 — d,u. 

Jo sinh I cosh | Jo cosh | 

For the first integral, we denote 



, , f UUSll U sill 7 U — 7 Slllll UiJUS r u 

G(r) = / — o au. 

Jo 



cosh u sin ru — r sinh tt cos rti 
sinh u 



Let 
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Im/(w) = cosh u sin rn-rsinhn cos rn u E R. In fact, f{z) = 4[(l-»r)e^"- + (l+ir)e^-] ^^^^^ 

2; = and z = TTi are two poles of order three of /. Thus, 

Res(/,0) = 1 lim ^[^^/(^)], Res{f,m) = I lini,-^[{z - nif f{z)]. 

Set 

g,{z) = z^fiz) = h{z)p{zf, g^iz) = {z - 7riff{z) = h{z)q{zf, 

where 

.,42 I /I I ■^\„2z]„irz ^/■^\_ ^ „r^\ ^ Z — TTI 



/i(^)=4[(l-^r)e^- + (l + ^r)e2-]e-^ p{z) = q{z) 



Then 



hm p{z) = 

2— >0 


1 

^ 2' 


hmp'(2;) = 


1 

~2' 


limp"(^) = 1 


lim q{z) = 


1 

2' 


hm ^''(z) = 

z— >7ri 


1 

~2' 


\\m,q"iz) = \. 




8, 


/i'(0) = 24, 




= 80 + 8r^ 


) = 8e-'^^ 




TTz) = 24e-'^^ 




ni) = (80 + 8r2)e-''^ 



Moreover, 



Hence, 



lim ^;'(2) = i/."(0) - ^/.'(O) + /.(O) = r^ 
lim ^^'(z) = \h"{TTi) - -M'{TTi) + /i(7rz) = r^e-'^^ 

2— >7ri 8 4 



Res(/, 0) = ^r2, Res(/, Tri) = ^r^e^-^ 



Now, we consider the following contour integral: I-II-III-72-IV-71-I, where I is an 
ordered line segment from [e, 0] to [i?, 0] , II is an ordered line segment from [R, 0] to 
[i?, tt], III is an ordered line segment from [R, tt] to [e, tt], 72 is an ordered arc from [e, tt] 
to [0, TT — e], IV is an ordered line segment from [0, tt — e] to [0, e], and 71 is an ordered 
arc from [0,£] to [£,0]. 

In II, f{z)dz ^ as i? — > 00. In III, z = x + iri. Hence, 

jj{z)dz = -e- ^^^—^^^e-dx. 
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For 2; = is the center of this arc. /^^ f{z)dz — > —\ ■ 27riRes(/, 0) = — ^r^. For 72, 
z = TTiis the center of this arc. J^^ f{z)dz — > — ^ • 27rzRes(/, Tri) = — ^r^e"'^^. In IV, 



^ cosy + rsiny _ 

r-3 e ^dy. 

sm y 



By Cauchy theorem, we have [j] + j]^ + + J^^ + j]y + J^^)f{z)dz = 0, i.e., 

-nr^ /"^ 4[(1 - ir)e4- + (1 + i^c^^] ^ ni 2 
(1 - e '"^) / -^^^ ^-^ -e'^^'^dx 



e 

TT— e 



, /■ cosy + rsiny , , , 

— r"e "' + / -e "^^dy + o(l) = 0. 

Je sm"" y 



4 sin"* y 

Take imaginary parts and let £ ^ 0, R oo, we get 

(A.l) ^(0 = + 



4 1 - e-'^^ 
For the second integral, we denote 

, , cosh tt sin ru — r sinh tt cos ru , 

il(r) = / 2 

Jo sinh ^ sinh tt 



Let 



^ , , cosh z — ir sinh 2; 

/(^) = 2 ^ • 

sinh I sinh 2; 



By the same method as above, we have 
(A.2) ff(r) = J (r^ + ^ ) tanhTrr. 



For the third integral 



L 



2 V 4 



°° sin rtt , 
5 — du. 



let 



sinh I cosh 2 



(e^ -l)(e^ + l)3' 
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Now, we consider the following contour integral: I-II-III-72-IV-73-V-71-I, where I is 
an ordered line segment from [s, 0] to [R, 0] , II is an ordered line segment from [R, 0] 
to [i?, 2%] , III is an ordered line segment from [R, 27r] to [e, 2tt] , 72 is an ordered arc 
from [e, 27r] to [0, 2n — e], IV is an ordered line segment from [0, 2n — e] to [0, tt + e], 
73 is an ordered arc from [0, tt + e] to [0,7r — e], V is an ordered line segment from 
[0, n — e] to [0, e], and 71 is an ordered arc from [0, e] to [e, 0]. For II: Jjj f{z)dz — > 

as ^ 00. For III: z = x + 27ri. J^^^ f{z)dz = -e-^'"" jp^zjj^^dx. For I: 
z = X. jjf{z)dz = (-F!rf]9^i)^^^- ^ = is a pole of order one, Res(/,0) = 2. 
Xyi f{z)d'Z ^ — I • 27riRes(/, 0) = —iri. z = 27ri is a pole of order one, Res(/, 2ni) = 
2g-27rr_ J f(^z)dz — > —\ ■ 27rzRes(/, 27ri) = — Trze"^'^''. 2; = ttz is a pole of order three. 



1 d 



2 



Res(/, Tri) = - lim 



dz'^ 



{z — ni) 



3 



= -2(2r2 + l)e" 



(e^ -l)(e^ + l)3 
[ f{z)dz -\ ■ 27rzRes(/,7rz) = 2TTi{2r'^ + l)e-'^^ 

For IV: z = iy, 

For Y: z = iy, Jy f{z)dz = - ^ sin | cos^ | ^V- residue theorem, we have 

- TTZ - TTze-^'^^ + 2TTi{2r^ + 1)6-'''' + 0(1) = 0. 
Take imaginary parts and let e — > and — > 00, we obtain 



(A.3) r 

Jo 



sinrx , n 7r(2r + 1) 

dx — 



sinhfcosh I tanhTrr sinhTrr 



For the fourth integral 



00 

cos ru , 

1 — du, 

cosh ^ 



let 
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Now, we consider the following contour integral: I-II-III-IV-7-V-I, where I is an 
ordered line segment from [0,0] to 0], II is an ordered line segment from [i?, 0] to 
[i?, 27r], III is an ordered line segment from [i?, 27r] to [0,27r], IV is an ordered line 
segment from [0, 2n] to [0, tt + e], 7 is an ordered arc from [0, tt + e] to [0, tt — e], V is an 
ordered line segment from [0, tt — e] to [0,0]. For I: jj f{z)dz — ^^^x^i^i dx. For II: 
jjj f{z)dz — > as i? — > 00. For III: z = x + 27ri. 



/ f{z)dz = -[ 
Jiii Jo 

For IV: z = iy. 



dx = 



-27rr 



w+w 



dx. 



"27r g-rj/ 



n+e COS^ I 



dy. 



For V: z = iy. Jy f{z)dz = -i 



-i-g-dy. 2; = TTZ is a pole of order four. 

S 2 



1 



d^ 



Res(/,7rz) = -- lim 

3! z^TTi dz'^ 



{z — TTl) 



lQ(,irz^2z 
(e^ + 1)4 



--ir{r^ + l)e" 
o 



1 8 
f{z)dz — >• — - • 27riRes(/, Tri) = — -7rr(r^ + l)e" 



The residue theorem tell us that 



-dx — i 



+ 



lo (e^ + l)'^ 
Take real parts and let i? — > oo, we obtain 



271- 



TT+e 



-ry 



cos4 I 3 



dy - -7rr(r^ + 1)6"'''' + o(l) = 0. 



(A.4) 



cos rx , 47rr(r^ + 1) 
-ctx = 



cosh 



3 sinh 7rr 
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